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Introduction 

Since 1973 there have been several attempts 
to apply microeconomic production functions 
to urban areas. The object of these studies has 
usually been to determine the degree of returns 
to scale in city size, or productivity differences 
between small and large cities. The importance 
of the issue is that if scale economies are pre­
sent it would be desirable to attain a size 
distribution more heavily weighted with larger 
cities. Up to now the range of production func­
tions estimated has been somewhat limited 
and has been based mostly on data availability 
or computational ease. The contribution of this 
paper is to use a more rigorous statistical ap­
proach to determine if a most appropriate em­
pirical urban production function exists. The 
range of production functions is much more in­
clusive than those previously estimated by 
others, owing to the use of a new series of ur­
ban capital stock estimates. 

Background 

Economists have long been aware of the 
theoretical benefits of larger cities. Several 
authors, including Goldstein and Gronberg 
(1984), Garofalo and Fogarty (1983), 
Alperovich (1982), Yezer and Goldfarb (1978), 
and Henderson (1974), have attempted to 
establish an analytical framework for 'ag­
glomeration economies.' Part of the reason for 
the current interest is that cross section pro­
duction function studies have often run into 
difficulty because of the uneven distribution of 
agglomerative forces across states. For exam­
ple, Lande (1978), who estimated manufactur­
ing production functions using cross section 
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state data, concluded that "the appropriate 
unit of analysis is the urban area (SMSA) 
rather than the state" because of the erratic 
results he obtained. Nicholson, also using state 
data, showed this more explicitly by using 
urban dummy variables to capture the dif­
ferential effects of agglomeration in each state. 
These effects turned out to be both positive 
and significant. 

Theoretical justification for the existence of 
urban agglomeration effects was long ago 
established by Hoover (1948) and Isard (1956), 
and more recently by Richardson (1973). They 
suggested that agglomerative efficiency ad­
vantages could be explained by scale econo­
mies related to size of city (urbanization econo­
mies), size of industry (localization economies), 
and/or size of firm (internal returns to scale). 
Single equation production functions have 
often been used to estimate these scale econo­
mies, frequently without any attempt to iso­
late their source. At the minimum, the esti­
mates are usually then subjected to hypothesis 
tests, indicating whether constant returns to 
scale (RTS) should be accepted or rejected. 
Though such aggregate production functions 
have often been criticized for their theoretical 
deficiencies, they have nevertheless been 
widely accepted as an empirical tool which can 

provide useful statistical information. 
Although specific functional forms are often 

called for when testing specific hypotheses, 
nowhere in the urban literature has a par­
ticular functional form emerged as being 
preferable on strictly 'a priori' grounds. Yet, as 
stated by Dragonette (1983), it is well known 
that "the form of the production function, and 
the nature of returns to scale have important 
implications for the theory of investment 
behavior, market structure, and the concentra­
tion of industries." The form of the production 
function is also directly related to income 
distribution and technological change issues, 
and indirectly related to the determination of 
an optimum city size. In relation to the latter 
issue for example, Fogarty and Garofalo (1978) 
used a simultaneous equation model that re­
quired an urban production function to esti-
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mate their 'net' agglomeration economies. 

The purpose of this paper is not to address 
the issues connected with urban production 
characteristics, nor is it to suggest any new 
theoretical applications. Instead, it is simply 
to determine if there is clear evidence in favor 
of a particular functional form, thus helping 
researchers to eliminate some of the ar­
bitrariness involved in their selection. More 
importantly, it may serve to reduce the 
amount of bias present in certain empirical 
studies and may also cause urban economists 
to rethink some aspects of their theoretical 
models. In the next section, the statistical 
method will be outlined, and this will be fol­
lowed by a brief discussion of data. Results 
and conclusions will then be presented in the 
last two sections. 

Method 

The_ empirical approach to the problem of 
determining an optimum urban production 
function is conceptually very simple: estimate 
as many different types of production func­
tions as possible and then use statistical tests 

to find the model which "best fits the data." 
To meet the first objective, estimates were 
obtained for each of the functions listed in 
Table 1. Following Mizon (1977) and Leech 
(1975), no prior constraints were initially 
placed on error structure. All of the listed func­
tions, with the possible exception of the 
Ringstad specification, have been thoroughly 
examined and sufficiently used in the litera­
ture to obviate a detailed discussion of in­
dividual properties. They can be classified into 
four general categories: Cobb Douglas (1,2), 

CES (3,4,5,6, 7), VES (8,9,11), and nonhomo­
geneous (8,10,11,12). Several additional pro­
duction functions which did not survive the 
estimation stage due to computational dif­
ficulties are not reported here. Also the highly 
general dual cost functions used by Berndt and 
Khaled (1979) are not used because they re­
quire factor cost data for cities that is not 
presently available. The production functions 
found in Table 1 are of the traditional type and 
have dominated the studies in this area. 

The actual statistical procedure follows the 
'exhaustive' testing method utilized by Mizon 
(1977), with some modification. It is essentially 

Table 1 

Functional Forms Tested8 

(1) Cobb-Douglas (A,M) 

(2) Cobb-Douglas, trans. (A,M) 

(3) CES (M) 

(4) CES, trans. (A,M) 

(5) Kmenta CES (M) 

(6) ACMS CES (A,M) 

(7) Arrow CES (A,M) 

(8) Mukerji VES (A,M) 

(9) Revankar VES (M) 

(10) Vinod (A,M) 

(11) Translog (M) 

(12) Ringstad (M) 

Q =AKgL� 

Q/L = A(K/L)uL' 

Q = A(oK-• + (1 - ,) L-P) ·•'• 

Q/L = AL>(Ii + (1 - li) K -·) -·'• 
L 

In 9_ = ao + a,lnL + a2ln K + a3(ln K)2 
L L L 

Q/L = AW" 

Q/L = AW•Q '"' - ., 1 

Q = A(oK-•' + (1 - li) L -·•) -·'•3 

Q = AK "' ' - ,., (L + (p- 1)K)"'' 

lnQ = ao + a,lnK + a,lnL + a,lnK lnL 

lnQ = ao + a,lnK + azlnL + a,lnK lnL + a,(lnK)2 + a5(lnL)2 

lnQ + -rllnQ)• + eQ = A(K) •u 
L 

a-The error form that is tested for each function is given in parentheses; M = multiplicative, A =additive. The additive 
error form is shown for the models that are estimated using both error structures. Sources for each function are found 
in the references under the respective author's name. In the case of the translog function refer to Griliches and 
Ringstad. 
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a three step process which uses a) tests for 
nested functions, b) relative fit tests for non­
nested functions and c) an absolute measure of 
fit, Akaike's test. Each of these tests are 
discussed next. 

Nested Tests 

The term 'exhaustive' used by Mizon refers 
to the fact that the models in Table 1 -are first 
arranged into as many nested groups of func­
tions as possible. 1 The implicit parameter 
restrictions in each nest are then tested using 
standard F and x2 tests. Insignificant test 
values indicate acceptance of the more re­
stricted model. For example, referring to Table 
1, two 'nested' functions would be the ACMS 
(QIL = A W .. ) and the Arrow (QIL = 
AW .. Q>-<•-.. > forms of the CES. If the im­
plied restriction in the ACMS function (>.= 0) 
is rejected with a significant F or X2 value, then 
the Arrow function is to be accepted over the 
ACMS. If the F and X2 tests do not agree then 
both functions are accepted. 

For the sake of completeness and in order to 
develop a hierarchical ranking of preferred 
functions, models rejected by the nested tests 
are subsequently included in the non-nested 
tests, though not in the final absolute test. 
There are two obvious reasons researchers may 
be interested in a hierarchical ordering: a re­
jected model may possess desirable economic 
properties useful in theoretical research, or a 
production function that is statistically less 
preferable may be computationally more trac­
table, especially in a large simultaneous equa­
tion system. 

Non-nested tests 

For each set of two non-nested models there 
is initially no 'more general' model. In this case 
the recently developed tests of Pesaran and 
Deaton (PD) and Davidson and MacKinnon 
(DM) are suitable for model discrimination pro­
vided that the functions have the same depen­
dent variable. Each of the tests requires the 
temporary establishment of one model as the 
null hypothesis (H0) and the other as the alter­
native hypothesis (H1). After performing the 
appropriate test and deciding to accept or re­
ject H0, the roles (i.e., H0 or H,) of the two 
models are switched, and the test is conducted 
again. Although it is possible that the two 

tests may validate the same model, it is also 
possible that neither model is preferred, 
because the two tests accepted different 
models. 

The Pesaran and Deaton test (1978) has its 
origin in the "Tests of Separate Families of 
Hypotheses" put forth by Cox (1961). The 
complete derivation of their statistic can be 
found in Pesaran and Deaton's study, in which 
they applied Cox's test to alternative models 
having several possible nonlinear equations. 
Given two non-nested, single-equation, possi­
ble nonlinear models H0 and H,: 

(1.1) H0: y = f ( 90, X) + p. 0, and 

(1.2) H,: y = g ( e 1, Z) + p. ., 

in which II-; (i = 0, 1) is normally distributed 
with variance a f, f and g are independent of II-;• 

and plim e; = e; (i = 0, 1), the test statistic T0 
is expressed: 

(1.3) T0 = T ( ln(u� I u� 0) ), 
2 

where the maximum likelihood estimated vari­
ances are: 

(1.4) u � = _!_ (y - f( u0)) 1 (y - f( e 0)), 
T 

(L5l o- � = l (y - g( e .w (y - g( e, n. 
T 

(1.6) u �o = u � + u !, and 

The predicted values g( e 10) are obtained by 
estimating (1.2) using the predicted values 
from (1.1) as the dependent variable. The for­
mulation of T 0 allows for an interaction be­
tween H0 and H, such that the relative perfor­
mance of the models is measured. The variance 
of T 0 is given by: 

(1.8) Vo(To) = .. nf( e0)- g( e 10) ) I (I-F (FP) 
... 10 

. . 
where F is the Jacobian matrix of H0, i.e. F = o 
f ( e ol I 0 e Ot evaluated at e 0 = e . The test is 
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then performed by comparing 

to some critical value of student's t, using a 
two-tail test. 

The tests developed by DM are closely 
related conceptually to the PD test and are 
simply called the "C-test," "J ·test," and 
"P-test." The test strategy used in this paper 
and also that suggested by DM begins by ap· 
plying the "C-test"to all pairs of non-nested 
models (having the same dependent variable). 
Given H0 and H1 as above, and the same initial 
assumptions, the "C-test" involves regressing 
Y on the predicted values of f and g: 

(2.0) Y = ( 1 - a) f + a g + E. 

The coefficient & is then tested for 
significance using a "t·test." If & is signifi­
cantly different from zero, the null hypothesis 
is rejected. Since, as shown by DM, the 
variance of & is asymptotically biased upward 
in the "C-test," there is an increased probabil­
ity of making a Type II error. Therefore, the 
test may not reject H0 as often as if the 
variance of & were unbiased. If the "C·test" 
does not result in an unequivocal conclusion, 
the next step in their procedure is to use either 
the "J-test" (2.1) or the "P-test" (2.2): 

(2.1) Y = (1- a) f(e0,X) + ag + p. 

(2.2) Y- af = (g- f) + FB + E. 

The "J-test" is used when H0 is linear and the 
"P-test" is used when H0 is nonlinear. (In both 
cases a significant & indicates that H 0 is re­
jected). The PD test, which does not have 
linearity restrictions, is also implemented at 
this stage in an attempt to corroborate the 
findings of the DM test. 

Akaike 's Test 

The completion of the nested and non-nested 
tests results in the elimination of several 
models considered to be statistically inferior to 
the remaining ones. Since the previous tests 
were conducted within each error type and 
dependent variable category, the models that 
haven't yet been rejected consist of a heteroge­
neous set of functional forms with different 

dependent variables and error types. Since 
relative fit tests have not been devised that can 

discriminate among such a diverse group, the 
final test must be a measure of absolute fit. 
Akaike's test statistic (1974), first developed 
by Akaike and subsequently used by both 
Mizon (1977) and Anselin (1984), takes into ac· 
count the maximized log-likelihood value (L;) 
as well as the number of estimated parameters 
( K;) in each function: 

Arranging the functions from lowest AIC to 
highest AIC would then give the final desired 
order of urban production functions, from most 
preferred to least preferred. 

Data and Estimation 

The observations consist of a pooled sample of 
manufacturing sector data for 4 7 of the largest 
U.S. SMSAs, 1975-19772• A pooled sample is 
used in order to increase the number of obser­
vations to 141 so as to reduce the effect of ran· 
dom variation and multicollinearity. Value added 
is used as the measure of output, and man· 
hours or wage rates of production workers is 
used to measure labor inputs, depending on the 
functional form. Both were obtained from the 
Census/Survey of Manufacturers. 

Capital inputs are measured by capital stock 
and were obtained from Fogarty and Garofalo 
(1978). They utilized the "perpetual inventory/ 
book value" method of estimation, which is 
outlined as follows: first, a 50 year investment 
series for the manufacturing sector of each 
SMSA is derived, called the "built-up" series, 
for the years 1904-1953. In some cases this 
was obtained by apportioning a state's invest· 
ment among SMSAs on the basis of the per· 
centage of value added in the SMSA compared 
to the state. Discard and depreciation func­
tions were then used to adjust gross invest­
ment for obsolescence and depreciation. 

Census book values of plants and equipment 
for 1957 were then used as benchmarks to ad­
just the build-up investment series. Capital 
stock in any one year is the sum of the previous 
years' undiscarded, undepreciated invest· 
ments. Since the pre-1954 investment series 
consisted of estimates derived from national 
data, while the post 1953 series consisted of 
direct survey data, the 197 5-1977 estimates 
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Function Error 

Cobb-Douglas A 

Cobb-Douglas M 

Cobb-Douglas, 
transformed (CDTR) 

A 

Cobb-Douglas, 
transformed (CDTR) 

M 

Direct CES M 

Direct CES A 
transformed (CESTR) 

Direct CES M 

Kmenta M 

ACMS A 

ACMS M 

Arrow A 

Arrow M 

Mukerji A 

Mukerji M 

Revankar M 

Vinod A 

Vinod M 

Ringstad M 

Translog M 

The Review of Regional Studies 

Table 2 

Production Function Estimates 
(t·values in parentheses) 

Estimate 

Q = 12.0 K·252 L·731 

(78.8)b (8.5)b (27.1)b 

Q = 6.13 K"'L·11' 

(11.4)b (8.2)b (12.7)b 

� = 7.03 K ·'" L· .. • 

L L 

(6.9)b (9.0)b (2.4)b 

g_ = 6.49 K ·"' L·•" 
L L 

(12.3)b (8.4)b (2.6)b 

Q = 3.57 (.733 K ··•' + .267 L··") , .... ., .. .,, 

(1.89)d (2.46)b(1.07) (2.46)b(1.07) (59. 7)1>(1.07) 

g_= 3.59 L·0" (.25 + .75 K '·59) (I .Ol0/-.591 

L L 
(1.93)d(2.14)C(.92) (.92) (1.26) (2.14)C(l,26) 

g_= 2.57 L .o•• (.27 + .73 K··57) , .. o .. ,-. 57 ) 
L L 

(1.89)d(2.84)"(.92) (.92) (1.12) (2.84)8(1.12) 

In�= 1.32 + .046ln L + 7.41 InK -.065(1nK )2 
L L L 

(2.5)C (2.6)& (2.1)C (1.1) 

� = 8.07 w·"' 
L 

(5.0)b(5.13)b 

�= 7.03w· .. 5 

L 
(10. 7)b(6.22)b 

� = 5.33 w
·'96 Q ·13511- ·•••• 

L 
(4.5)b (4.6)b (3.2)• (4.6)b 

� = 4.6 w·
"3 Q ·••I" - ... J,I 

L 
(5.1)b(5.6)b(3.5)• (5.6)b 

Q = .502 (.63 K -.• + .37 L··") "·57'··'"' 

(.45) (6.2)b (5.3)b (6.2)b (3.9)b (. 73) (.67) 

Q = 1.0015(.87 K '•59 + .13 L '·136 ) (l.ll I -.JJ) 

(2.2)d (41.6)b (20.9)b (41.6)b (7.9)b (5.7)b (13.3)b 

Q = 5.24 K 1.0 .. (I - (.56) (9.99J) I 

(4.7)b (56)b (7.0)• (230)8 
(L - .007 K) , .... , '·561 •·••31 

(230)8 (56)b (7.0)8 (230)• 

In Q = 2.42 + .26ln K + .75ln L - .0013ln K In L 

(2.7)& (2.5)C (4.6)C (.074) 

1n Q = -.886 + .70 1n K + 1.22 1n L -.065 1n K 1n L 

(.99) (6.3)8 (6.44)• (3.1)• 

1n Q + .000022 Q - .022 (In Q) = 
2.07 + .796ln L + .251 ln K 

L 
(18.9)b (62.0)b (8.15)b 

In Q = -1.89 + . 71 In L + 1.29 In K + .044 In K In L 

( -1,4) (1.6) (2,4)C (,37) 
-.073 (In K)2- .034 (In L)2 
(1.18) (-.52) 

a-significant at .01level, two-tail test c-significant at .05 level, two-tail test 
b-significant at .01level, on e -tail test d-significant at .05 level, one-tail test 

Log-Likelihood 

-1192 

-1163 

-1176 

-1159 

-1158 

-1175 

-1158 

-1158 

-1194 

-1174 

-1186 

-1164 

-1192 

-1156 

-1158 

-1192 

-1158 

-1153 

-1153 
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used in this study are presumably the least 
biased of Fogarty and Garofalo's 1957-1977 
capital stock series. 

No attempt was made to incorporate capacity 
utilization rates into the capital stock variable. 
One study, by Lovell, demonstrated that fail­
ure to adjust for capacity utilization does not 
necessarily seriously bias the parameter esti­
mates in a production function. It is possible 
however, that there may be a slight serial cor­
relation bias due to the choice of years; 1975 
was a slack year, with real GNP decreasing by 
1.2 percent, while GNP increased in 1976 and 
1977 by 5.4 percent and 5.5 percent, respec­
tively. Thus it is likely that part of the increase 
in production registered in 1976 and 1977 came 
from a higher capacity utilization rate. 
Although this may inflict uncertain bias on the 
estimated returns to scale, it does not affect 
the results of this study. The focus here is not 
on specific parameter estimates but on deter­
mining an appropriate functional form. 

Estimates for each of the functional forms 
listed in Table 1 are reported in Table 2. Linear or 
nonlinear least squares were used depending on 
the functional form. In the latter case the Quasi­
Newton algorithm was used by the SHAZAM 
programming language. Although both multipli­
cative and additive errors were attempted with 
each function, the additive form was found to be 
inestimable in several cases. As a result, Table 2 
contains only seven additive error forms, com­
pared to 12 multiplicative error forms. Each of 
the functions having a multiplicative error was 
first logarithmically transformed prior to estima­
tion. For . purposes of comparison they are 
reported in Table 2 without the transformation. 

Results 

Relative Tests-Additive Error 

The results for the additive error case are 
shown diagramatically in Figure 1. In the Q/L 
dependent variable category, the CESTR and 
ACMS functions were rejected in favor of the 
CDTR and Arrow functions. The non-nested 
test between the CDTR and Arrow functions 
did not produce a clear favorite, and so both 
must be retained for the absolute fit tests. In 
the case of the dependent variable Q, the Vinod 
and Mukerji functions were each rejected in 
nested tests with the CD function. Although 
the Vinod was preferred over the Mukerji in 

the non-nested tests, both functions are 
eliminated from final consideration because of 
the results of the nested tests. 

Figure 1 

Additive Error Results 

Dependent Variable Q/L Dependent Variable Q 

cn--1 VINOD 

� Mu.,!.l 

NOTE: A - B indicates that B was preferred over A. A 

dotted line stands for a nested test and a solid line in­
dicates a non-nested test. Lines having double arrows 
show that the test was inconclusive. Functions that are 
boxed were eliminated from final consideration by the 
nested model tests. 

/ 

.: 
CES 

I MUJ<ERJI I 
I 

/ 

/ 

/ 

Figure 2 

Relative Tests-Multiplicative Error 

Figure 2 summarizes the results for the mul­
tiplicative error case. In the In Q/L dependent 
variable category, the three functions 
eliminated by the nested tests are the Kmenta, 
ACMS, and CESTR functions. Non-nested 
tests between the two remaining functions, the 
Arrow and the CDTR, did not produce a clear 
favorite-just as in the additive error case. 
Both functions must therefore be retained for 
the absolute fit tests. 

In the ln Q category the Cobb-Douglas and 
the Mukerji functions were both eliminated in 
favor of the CES function. The CES was then 
rejected in all three of its non-nested tests. 
Among the remaining three functions the 
Revankar (REV) form was rejected by both the 
translog and the Vinod functions. In the 
nested test between the latter two, neither 
function was preferred. 
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Finally, another function having a multipli­
cative error, but which does not fit into either 
the ln Q or In Q/L categories, is the Ringstad 
function. Although it has a unique dependent 
variable (with parameters on the left side of the 
equation) it can be tested against the multipli­
cative error Cobb-Douglas (CD) using nested 
tests. The results indicate rejection of the CD 
in favor of the Ringstad function by both the F 
and x2 tests. No other relative tests are possi­
ble with the Ringstad function. 

Absolute Tests 

Having determined through the relative test 
procedure a set of preferred production func­
tions, the final discriminating criterion to be 
applied is the absolute test of Akaike. The AIC 
values of the eight functions which ''survived'' 
the relative tests are listed in Table 3. The 
most preferred function (having the lowest 
AIC value) is the Ringstad function, which is 
nonhomogeneous and has a unitary elasticity 
of substitution (EOS). The second function, the 
translog, has a variable EOS and is also non­
homogeneous. Of the remaining functions, 
only the Vinod form is nonhomogeneous; all 
others have a constant EOS. a Although there 
does not appear to be much difference between 
the highest and lowest AIC values in Table 3, 
they are the result of an iterative maximum 
likelihood procedure and each function did con­
verge before the upper limit of allowable itera­
tion was reached. 

Table 3 

AIC Values of Most Preferred Urban 
Production Functions 

Functions 

1. Ringstad (M) 
2. Translog (M) 
3. CDTR(M) 
4. VINOD (M) 
5. ARROW(M) 
6. CDTR(A) 
7. ARROW(A) 
8. CD(A) 

AIC 

2316 
2318 
2324 
2324 
2334 
2358 
2378 
2390 

The error types are given in parentheses, i.e., 
M = multiplicative, A = additive. 

Conclusion 

The purpose of determining an optimum set 
of urban production functions is to eliminate 
some of the guesswork involved in urban 
model building. An empirical approach requir-

ing extensive statistical testing was used in 
this study since there was no a priori theoret­
ical basis for preferring any one functional 
form over another. The alternate method of 
justifying a particular functional form on 
strictly theoretical grounds would be difficult, 
if not impossible. The statistical, empirical ap­
proach seems to be the only sensible path to 
take. 

If a production function has been accepted 
empirically then it would be preferable to use 
that function in building a theoretical model. 
Since the two most preferred functions, the 
Ringstad and the translog, have the property 
of being nonhomogeneous, it suggests that the 
constant scale economies assumption used in 
many urban studies is not a very realistic one. 
Of course it is recognized that the assumption 
is frequently used in order to reduce the scale 
of a model and thus make it more easily solv­
able. It also appears that flexibility in the 
specification of EOS is not a necessary element 
of the urban production function. That is, there 
is no discernible pattern in the EOS properties 
of the functions listed in Table 3. 

Finally, it is of course possible that these 
results may be 'data specific.' To affirm this 
would require a repeat of the estimation and 
hypothesis testing procedure using a different 
data base. In particular it would be instructive 
to experiment with different years, levels of 
aggregation, and size range of cities to see if 
the results are consistent. Although this would 
be a laborious process, it would in many ways 
enhance both theoretical and empirical 
research in this area if the true urban produc­
tion function could be determined with more 
certainty. 

FOOTNOTES 

'Two models are nested if a limiting process applied to 
the more general model's parameters reduces it to the 
same functional form as the less general model. 

• A complete list of the SMSAs used will be furnished on 
request. 

• Although the Vinod form is often called a VES func· 
tion, the functional form of its EOS usually does not allow 
variation of more than 1 percent-not enough to warrant 
the label VES. 
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