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Abstract 

Since the early 1950's, there has been much effort 
expended in modeling interregional commodity flows. 
Among them are linear programming transportation mod
els (e.g., Henderson); the Enke-Samuelson-Takayama
Judge models; the Leontief-Strout gravity models; and 
other econometric models. However, the entropy model 
has so far eluded description especially when implemented 
empirically. In this paper, we implement the Maxwell
Boltzmann entropy maximization model to the Appalachian 
steam coal market. We then compare the solution of 
optimum coal shipments with that of the corresponding 
linear programming transportation and spatial equilibrium 
models. It is found that (1) the performance of the Max
well-Boltzmann entropy model is comparable to that of the 
spatial equilibrium model and (2) the entropy has outper
formed the linear programming transportation model in its 
simplest form in terms of predicting actual coal shipments. 

Introduction 

The modem era is witnessing tremendous advances 
in knowledge, especially in physics. The scope of classical 
mechanics has been greatly expanded by the introduction 
of both quantum mechanics and relativity. Economic 
science, however, viewed as a sister of mechanics by 
Walras or the mechanics of utility and self-interest by 
Jevons still relies heavily on the assumptions of utility 
maximization or cost minimization principles. In order to 
overcome such limited defmition, we propose and imple
ment the Maxwell-Boltzmann entropy model in which it is 
hypothesized that energy flows (e.g., shipment of steam 
coal) resemble the movement of particles in a closed 
physical system. Given m supply sources and n demand 
sinks, there is a tendency to shuffle and scramble ordered 
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things into disorder (Georgescu-Roegen, 1971). This is 
quite in contrast to the standard linear programming trans
portation problem, the objective of which is to minimize 
total transportation cost (or total energy). In such linear 
programming (LP) and quadratic programming (QP) (spa
tial equilibrium) models, the energy flows exhibit some 
regularity much like particle movements in ice. In contrast, 
energy flows are basically more volatile and stochastic in 
the form of steam in the entropy model and they do not obey 
long-recognized theorems in either the linear program
ming or spatial equilibrium models. As a matter of fact, it 
was proved by Evans (1973) that the linear programming 
model is a special case of the entropy model. Since such a 
model, to the best of our knowledge, has never been 
empirically implemented in the commodity marlcet, we 
employ the data of the Appalachian steam coal market 
(Yang, 1979) to solve for the "optimum" solution under the 
assumptions of (i) maximizing Maxwell-Boltzmann en
tropy, (ii) minimizing Hitchcock-Koopmans' transporta
tion cost, i.e., traditional LP model, and (iii) maximizing 
"net social payoff' (NSP or sum of consumer's and 
producer's surpluses) of the spatial equilibrium model. It 
is to be noted that the maximization of the NSP and the 
entropy is quite different: the solution to the former is 
based on estimated demand (utility) and supply (technol
ogy) relations in a spatial economy while the solution to 
the latter is dependent upon the assumption that there is an 
inherent tendency for commodity shipments to move to
ward a state of maximum spatial diffusion. Hence, a 
solution corresponding to the maximum NSP contains a 
flow pattern which may not possess the maximum spatial 
diffusion. On the other hand, a solution corresponding to 
the maximum entropy, given the identical preference and 
technology relations, implies a flow pattern which may not 
lead to a maximum economic welfare. We then discuss the 
comparative performance of the Maxwell-Boltzmann model 
and its policy implications, especially when transportation 
costs of commodities (or friction) are greatly reduced due 
to potential technological advances. 

Literature Review o( the 
Transportation Models 

The transportation problem originated in physics. 
Hitchcock (1941), Kantorovich (1942) and Koopmans 
(1949) are generally credited for formulating the original 
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transportation problem in which a friction function is to be 
minimized. Since the advent of the efficient solution 
algorithms developed by Dantzig (1951 ), and Charnes and 
Cooper (1953), application of the model has proliferated 
due to more efficient computational procedures. In a 
market-oriented economy, Samuelson's influential work 
on spatial price equilibrium ( 1952) represents an extension 
ofEnke' s work on an electric analog ( 1951) in which prices 
are represented by voltages and physical commodity flows 
by amperages. The similarity between Koopmans' trans
portation model and the Maxwell-Kirchhofflaw was indi
cated by Samuelson (1952) who cited Tucker (1950). In 
their classical paper, TakayamaandJudge(1964)reformu
lated the Enke-Samuelson problem into a quadratic pro
gramming model in which linear market demand and 
supply functions are explicitly considered. Ever since, 
there have been a flux of applications: Hall, etc. (1975), 
Brooks (1975), Labys and Yang (1980, 1981), Nagy, etc. 
(1980), and Harker (1983), to name a few. In addition, 
Kennedy's world oil market (1974) and Khatri-Chhetri
Hite-Nyankori's water allocation problem (1988) are 
modeled in the form of a complementarity problem. In the 
case of multi-commodities with asymmetric demand and 
supply parameter estimators the linear complementarity 
programming (LCP) models may be preferred. However, 
such models were empirically implemented only in a few 
cases (Hashimoto 1977, Yang and Labys 1985). 

Theoretical advances along the line of the Enke
Samuelson-Takayama-Judge model include: Thore's ex
tension of the Takayama-Judge model (1982a, 1982b); 
new algorithm by Nagurney (1986, 1987); sensitivity 
analysis by Yang and Labys (1982), and Tobin (1987); 
transshipment problem by Tobin and Friesz (1983) and 
Chao (1983); iterative procedures by Irwin and Yang 
( 1982, 1983); linear complementarity problem by Takayama 
and Uri (1983) and its solution condition by Smith (1984); 
flow dependent supply and demand by Smith and Friesz 
(1985); variational inequalities by Pang and Chan (1982); 
Daffermos (1983) and Daffermos and Nagurney (1984); 
Harker (1984); Tobin (1986); and Nagurney (1987). De
spite tremendous theoretical advancements, these improved 
models are generally designed to search for the most 
efficient routes of commodity flows, based upon either 
maximizing welfare or satisfying some sets of equilibrium 
conditions. However, most of them share the same prob
lem. For instance, there are very limited numbers of 
positive commodity flows to appear in the optimum solu
tions; and the optimal flows must obey so-called reciprocity 
condition (Yang, 1989). Furthermore, many successful 
applications of the LP and QP models were made on 
agricultural or energy commodities whose transportation 
costs constitute a significant portion of the market price. In 

light of the potential technological advancements in reduc
ing transportation costs, it may be appropriate to search for 
an alternative model, i.e., a model which is not sensitive 
and geared to changes in transportation costs. 

Model Formulations 

Since all of these models originated from, and are 
extensions of the classical linear programming transporta
tion problem, we frrst present its linear version: 

Minimize Z= L L t. X.. (1) 
. I . J lJ lJ 
IE JE 

Subj!ctto L X . . = K. (2) 
. J lJ 1 
JE 

L X .. =D. (3) 
i E I lJ J 

X .. ~ 0 (4) 
lJ 

Where I and J are the integer sets or I= {i = 1, 2, 3, 
... , m} and J = {j = 1, 2, 3, ... ,n}; Xij is the nonnegative 
commodity flow from supply region i to demand region j; 
~i is the transportation related cost between region i and 
regionj; ~is the production capacity in supply region i; D. 
is the consumption requirement in demand region j. It ~ 
well-known in the literature that there cannot be more than 
(m + n- 1) positive commodity flows in the LP model 
(Gass, 1985). A standard quadratic programming model, 
as reformulated by Takayama-Judge, is more general than 
its linear programming version by introducing linear de
mand and supply equations, i.e., P =a. - b.Y and P. =c. + 

j J J J I I 

dX.. Where Y and X. are quanbty demanded in the J.lh 
I 1 J 1 

region and quantity supplied in the ilh region, P. and P. are 
J I 

corresponding prices; ai and c; are the corresponding in-
tercepts of estimated demand and supply equation; b. and 

J 
di are corresponding slope coefficients. The objective 
function is established to maximize the net social payoff 
(see Takayama-Judge, 1971) or 

NSP = :E a Y. - .!_ :E b Y. - :E c X 
J 1 2 1 I 1 

-+ 1:<\JC- i :E:Etij ";j (5) 
i j 

subject to (2), (3),and(4) withK and D. replaced by X. and 
I J I 

Yr Again, the quadratic version of the transportation 
model shares the same problem of having no more than 
m+n-1 positive commodity flows (see Silbergerg, 1970 
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and Yang, 1980). As a more general alternative, one can 
postulate that the behavior of inter-regional commodity 
flows resembles movements of particles in an isolated 
gaseous system (Wilson, 1974; Batten, 1983). 

Such a concept of entropy was well grounded in the 
bedrock of physical facts. In a closed physical system, 
elements have a tendency to move toward an arrangement 
which can be organized in as many ways as possible, i.e., 
maximization of the entropy of a system (Nikjamp and 
Paelinck, 1974 ). For example, if we limit the solutions to 
be integer-valued, the maximum possible ways to assign 8 
distinct objects to 3 locations is 8!/3!3!2! which is much 
greater than 8!/8!0!0! or 8!/5!3!0! or 8!/4!3!1!. Such 
distribution is the most likely occurrence and in general 
corresponds to more spatial diffusions similar to thermal 
diffusions in thermodynamics. 

In this paper we maximize the Maxwell-Boltzman 
entropy (Batten, 1983) in which coal flows (particles) are 
considered to be distinct subject to (2), (3), (4) with a 
constraint on the total transportation cost analogous to the 
total energy constraint imposed on systems of particles, or 

entropy (MBE) model. The optimum solution ()\/s) rep
resents the most probable commodity flow distribution 
subject to the indicated constraints. 

To illustrate some properties of the MBE models, we 
form the Lagrangian equation: 

L = -1: 1: log X .. ! + 1: y. (K. - 1: X .. ) (10) 
ieijeJ 1J iEI 1 1 jEJ 1J 

+ 1: A. .(D. - 1: X .. )+~(C- 1: 1: t.X .. ) 
j E J J J i E I 1J i E I j E J 1J 1J 

where~· Aw and are Lagrangian multipliers for (2), (3) and 
(7) respectively. 

Differentiating (10) with respect to Xii and applying 
Stirling's approximation2, we have 

aL - - - - --- = -log X .. - y .- A.. - ~ t . = 0 for all X . . > 0 ax.. 1J 1 J 1J 1J 
1J 

which may be reduced to 

X - e -y.-A.- ~t. ij - 1 J 1) (11) 

Maximize log w (6) From (2) and (3), we have 

SubjxtiO 1: 1: t . X .. =C 
i E I j E J 1J 1J 

-:yi =Jj ~tij 
(7) e = K. I 1: e = K. A. 

1 jE J I 1 
(12) 

And (2), (3), and (4) -=A. -:y .~t .. 
e J =D./ 1: e 1 'l =D.B. 

J iE I J J 
(13) 

rK.' x . l 
Where W= II I_ J 1 - ri(h . 1J) 

i E I L [J Xi/ J J (8) By substituting (12) and (13) into (11), we have 

- -~t .. 
X..= K.D.A.B. e 'l (14) jEJ jEJ 

where h. is the number of consumption depots in demand 
0 ,l 

regtOnJ. 
Since any monotonical transformation ofW gives the 

same result (Wilson, 1970, p. 5), and for mathematical 
convenience, we take the natural logarithmic function ofW 
to rewrite (8)1 as: 

Mlximize log W = 1: log K. ! - 1: 1: log X .. ! 
iEI 1 iEI jEJ 1J 

+ 1: D. Iogb. 
jE J J J 

Which is equivalent to 

Maxmize - 1: 1: log X.. ! 
iEI jEJ 1J 

(9) 

due to the fact that the constant terms oflog K;! and Di log 
h. drop out in the maximization problem. Equations (2), 
d), (4), (7) and (9) constitute the Maxwell-Boltzmann 

1J 1 J 1 J 

where A; and Bi are the reciprocal of denominators of 
equations (12) and (13) respectively. 

It is evident from (14) that the most probable distri
bution of the optimum commodity flows in the Maxwell
Boltzmann formulation takes the form of the classical 
Newtonian gravity model with e·l3\J serving as a spatial 
deterrent factor. The fact that maximization of the en
tropy model leads to the derivation of the gravity formula
tion may also be found in Tomlin and Tomlin (1968). 
Perhaps, the most important application of the gravity 
model is one developed by Leontief and Strout (1963).3 
They suggest that the inter-regional commodity flows take 
the form of: 

Xi . Y.j 
X .. = ~ · 

1J X.- J 
(15) 

where Xii = shipment of the commodity from supply 
region i to demand region j 

X;. = total output in supply region i 
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Y. = total quantity demanded in demand region j 
J 

X .. = I: X. . = I: Y .. = aggregate amount of 
i E I 1 j E 1 J commodity produced 

andconsumedinallthe 
regions of an economy 

Q.. = is an empirical constant which can be esti-
'l 

mated from base year data. 
Structural equation (15) fonnulated by Leontief and 

Strout is a variant of the gravity model derived from the 
Maxwell-Boltzmann entropy model. It should be pointed 
out that Leontief and Strout integrated the gravity fonnu
lation with conventional input-output analysis to model the 
inter-regional and inter-industrial linkage problem. 

On the other hand, Evans (1973), Wilson (1970) and 
Wilson and Senior (1974) have demonstrated that the 
conventional LPT model is the limit of the entropy model 
as the lagrange multiplier ~of (7) approaches infinity and 
the value of (1) approaches (7), i.e., Z =C. This limiting 
property indicates that the LPT fonnulation is essentially 
a special case of the entropy model4 • In the next section we 
will model the Appalachian steam coal market in tenns of 
the Maxwell-Boltzmann entropy fonnulation. To the best 
of our knowledge, such an empirical application has not 
been made in the spatial commodity market. 

Implementation of the Model 

Supply and demand regions are specified in Table 1. 
The corresponding unit transportation costs are reported in 
Table 2, and the actually observed demand requirement 
D/s and production capacity }\'s for 1973 are shown be
low (in lOu BTU's): 

K' = (1.2, 0.93, 0.75, 0.05, 0.24, 1.73, 0.32) 
D' = (0.03, 1.29, 0.66, 0.03, 1.72, 0.52, 0.97) 

Coupled with observed data sets of transportation 
costs and K;'s and D/s. the maximization of (8), while 
subject to (2), (3), (4), and (7), constitutes the framework 
of the Maxwell-Boltzmann Entropy model. Note that total 
energy level or transportation cost C is set at the total 
actually observed transportation cost of steam coal in the 
Appalachian market, i.e., C = 70.426. The solution of the 
entropy model is reported in Table 3. To evaluate the 
comparative perfonnance of the Maxwell-Boltzmann 
model, we employ the comparable data set to obtain the 
optimum solution of the standard linear programming and 
Takayama-J udge quadratic programming transportation 
models.5 These results are also reported in Table 3. 

Table 1 

Supply Region 

1. Pennsylvania, Maryland 
2. Ohio 
3. Northern West Virginia 
4. Southern West Virginia 
5. Virginia 
6. East Kentucky, Tennessee 
7. Alabama 

Demand Region 

1. Connecticut, Maine, Massachusetts, 
New Hampshire, Rhode Island, Vennont 

2. New Jersey, New York, Pennsylvania, 
Washington, D.C., Maryland, Delaware 

3. Indiana, Michigan 
4. Illinois, Wisconsin, Minnesota 
5. West Virginia, Ohio, Kentucky 
6. Tennessee, Alabama, Mississippi 
7. Virginia, North Carolina, South Carolina, 

Georgia, Florida 

Base Point 

Pittsburgh 
Cadiz 
Morgantown 
Beckley 
Bristol 
Pikeville 
Birmingham 

Base Point 

Boston 

New York 
Detroit 
Chicago 
Cincinnati 
Birmingham 

Columbia 
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Table 2 
Unit Transportation Cost 

(cents per 1()6 BTU) 

FROM 
TO 1 2 3 

1 19.1 22.2 20.2 

2 14.5 18.3 13.5 

3 13.2 13.8 11.8 

4 18.8 19.8 19.6 

5 15.1 13.3 13.7 

6 21.1 22.5 21.8 

7 21.0 24.0 20.9 

Source: See Mutchler, etc. and Yang (1980). 

Comparative Evaluations of the 
Maxwell-Boltzmann Entropy Model 

An examination of Table 3 reveals that there are 17 
positivesteamcoalflowsintheMaxwell-Boltzmannmodel 
versus 12 flows in the standard linear programming 
transportation model6 and 13 flows in the Takayama-Judge 
model. Of 22 actually observed positive steam coal flows 
in the Appalachian market, 11 are correctly predicted by 
the entropy model while 8 and 10 coal flows are correctly 
predicted by the linear and quadratic programming trans
portation model, respectively. In terms of number of coal 
flows correctly predicted, the entropy model has a relative 
edge on the corresponding linear and quadratic program
ming model. To further facilitate the comparison, we 
define the following index: 

I I 

I * ··-X .. I 
I= ~ ~ I 'J 'J I 

ie I j e J X .. 
lJ 

where :kii is the predicted energy flow from supply region 
ito demand region j; and Xii is the corresponding observed 
energy flow. The smaller the value I is, the better the model 
may be. The value ofl for the seven major steam coal flows 
(X12.~.~·Xn·XM,X66and:x.JoftheMaxwell-Boltzmann 
model is approximately 42.13%, whereas the value ofl for 
the corresponding linear programming model is 91.15%. 

4 5 6 7 

20.5 21.2 24.3 26.8 

16.9 17.6 20.4 23.3 

16.6 20.3 16.7 19.8 

22.5 21.8 17.1 18.1 

12.6 17.2 13.4 15.7 

19.2 14.1 16.9 7.0 

16.5 14.7 13.6 14.3 

This implies that the entropy model predicts 57.87% and 
the linear programming model predicts less than 10% of 
actual volumes of the Appalachian steam coal flows based 
on formula (16). Clearly, the LP model performs poorly in 
approximating the unpredictable coal flows especially in a 
market-oriented environment. However, the LPT model 
presented is an allocative tool in its simplest form. With 
other constraints included (e.g., coal quality, sulfur con
tent, environmental regulations) the LPT model solution 
will better replicate market shipments. On the other hand, 
thesolutionofthequadraticprogrammingspatialequilibrium 
model (Labys and Yang, 1980) using the identical trans
portation cost data is comparable to the result from the 
entropy model. The former predicted 62.52% of actual 
volumes of the Appalachian steam coal flows (see Table 3) 
versus 57.87% of the entropy model. To sum, it may be 
noted that the Maxwell-Boltzmann entropy model does 
outperform the corresponding linear programming model 
in terms of predicting both the number of steam coal flows 
as well as their actual volumes; and it also outperforms the 
quadratic programming model in terms of number of coal 
flows. However, potential applications of the entropy 
model in terms of current policies cannot be accomplished 
as conveniently as compared with the LP or QP model, 
since the concept of economic welfares, demand and 
supply are lacking in the model (Wilson and Senior, 1974 ). 
The simulation result shown in Table 4 is obtained from a 
potential one-cent per million BTU pollution tax imposed 
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Table 3 
Optimum Solution (in wu BTU) of the Appalachian Steam Coal Market 

From PA Northern Southern EastKY Total 
To MD OH wv wv VA TN AL Demand 

New England (0.03) 0.03 [0.03] 0.03 
((0.042)) 

Mid-Atlantic ((1.025)) ((0.195)) 

1.03 0.21 0.02 0.03 1.29 
(0.697) (0.162) (0.432) 
[1.2] [0.09] 

IN-MI ((0.304)) ((0.336)) 

0.07 0.240 0.12 0.03 0.2 0.66 
(0.258) (0.226) (0.176) 

[0.66] 

North Central 0.01 O.ot O.ot 0.03 
(0.03) [0.03] 

((0.053)) 

Ohio Valley ((0.708)) ((0.035)) ((0.628)) 
0.09 0.690 0.38 0.56 1.72 

(0.215) (0.512) (0.142) (0.05) (0.04) (0.76) 
[0.93] [0.05] [0.74] 

South Central ((0.081)) ((0.138)) 
0.24 0.28 0.52 

(0.2) (0.32) 
[0.2] [0.32] 

South Atlantic ((0.138)) ((0.653)) 

0.21 0.72 0.04 0.97 
(0.97) 

[0.01] [0.96] 

Total Supply 1.200 0.93 0.75 0.05 0.24 1.73 0.32 5.22 

(( )) = QP solution ( ) = MB solution 
[ ] = LP solution Those without parenthesis are actual flows. 

on the transportation cost of the Ohio coal. Such a tax Concluding Remarks 
might be used to reduce the amount of acid rain due to high 
sulfur content in the Ohio coal. An examination of Table 4 In this paper, we propose and implement the Max-
indicates that the distribution of Ohio coal out-shipments well-Boltzmann entropy model to approximate the Appa-
has undergone following changes: X21 (coal shipment from lachlan steam coal market By using comparable data sets, 
Ohio to New England) would replace X22 (Ohio to Mid- it was found that the entropy model gives better perfor-
Atlantic) and X24 (Ohio to North Central). In addition, the mances than its corresponding linear programming model 
number of positive coal shipments is reduced from 17 to in terms of actual volumes and number of correct steam 
14; that is, the pollution tax would lead to a less spatially coal flows in the eastern United States. Furthermore, it is 
diffused shipment pattern. comparable to the spatial equilibrium model in terms of 
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Table 4 
Optimum Solution (in lOu BTU) of the Appalachian Steam Coal Market 

with a One Percent per Million BTU Tax on the Ohio Coal 

From PA Northern Southern EastKY Total 

To MD OH wv wv VA TN AL Demand 

New England 0.03) 0.03 0.03 

Mid-Atlantic 1.03 0.21 0.02 0.03 1.29 
(0.54) (0.75) 

IN-MI 0.07 0.240 0.12 0.03 0.2 0.66 
(0.09) (0.57) 

North Central 0.01 0.01 0.01 0.03 
(0.03) 

Ohio Valley 0.09 0.690 0.38 (0.05) 0.56 1.72 
(0.54) (0.33) (0.8) 

South Central (0.2) .24 0.28 0.52 
(0.32) 

South Atlantic 0.21 0.72 0.04 0.97 
(0.04) (0.93) 

Total Supply 1.200 0.93 0.75 0.05 0.24 1.73 0.32 5.22 

Figures in parenthesis are optimal coal shipments with the one cent per million btu tax imposed on the high sulfur coals from Ohio. 
Those without parenthesis are actual coal flows. 

actual coal flows observed in the Appalachian steam coal 
market using the same set of transportation costs. The 
simulation result from the potential pollution tax indicates 
that such tax may be inversed related to the number of 
positive coal shipments in the Appalachian market. In 

conclusion, the Maxwell-Boltzmann entropy formulation 

offers an alternative to the traditional linear and quadratic 
programming transportation models. 

Notes 

1We use Stirling's approximation X .! "'X.";i+ o.s .[fit e";i 
lJ lJ 

in the computer simulations (26). 

2Jt can be shown that olog Xii !/oXii = log Xii for large Xii. 
3 Another important gravity model was developed later on by 

Theil (1967). Since Theil's model is almost identical to that of 
Leontief and Strout, we shall dwell on Leontief and Strout's 
model. We drop the superscripts for simplicity and also limit our 
analysis to a single commodity. 

4Some of the theorietical properties of the Maxwell
Boltzmann entropy model were discussed by Yang and Loviscek 
(1988). 

'The data employed are from Yang (1979). In the case of 

Takayama-Judge model, we do not report the optimal consump

tion and production levels since they are endogenous and differ
ent from observed K's and D's. However, we employed the 
identical set of transportation costs and reported the optimum 
flows in Table 3. 

6lt implies that the linear programming model is degenerate in 
the sense that the actual number of positive flows is less than 
m+n-1 = 13. 
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