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Abstract: This paper focuses on Brazil’s population dynamics between 1970 and 2010. The first objective
is to explore the behavior of Brazil’s population distribution, revisiting the traditional rank-size rule and
Markov chain approaches. To increase the accuracy of the information on the dynamics and evolution of the
population distribution, spatial dependence is introduced through spatial Markov chains. The distribution
shape may indicate that divergence in population size of minimum comparable areas (MCAs) is decreasing.
The Zipf’s law estimation indicates that the population distribution is, every decade, moving away from
Pareto law. The Markov chain approach indicates, as main evidence, the high persistence of MCAs to
remain in their own class size from one decade to another over the entire period, and that different spatial
contexts have different effects on regional transitions.
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1. INTRODUCTION

Between 1970 and 2010, Brazil’s population became increasingly more concentrated in its
cities. Using data from the United Nations Population Division, we find that the percentage
of Brazilians living in urban centers increased from 55.8 percent in 1970 to 87 percent in
2010, which for a developing country is a high proportion. This change, which reflects great
economic and social transformations that occurred in the country during this period, took the
form of specific cities’ size distributions. Data from the Brazilian Institute of Geography and
Statistics (IBGE, 2011) indicates that 66 municipalities had more than 100,000 inhabitants
in 1970, 105 municipalities in the early 1980s, 398 in 2000, and 488 in 2010. From 2000 to
2010, the number of cities with over 1 million inhabitants only increased from 13 to 14.
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Brazil, in the 1970s, experienced a phase of industrial consolidation. This phase, com-
bined with the gradual replacement of subsistence farming by exportable products, con-
tributed to the consolidation of old, and the emergence of new, metropolises in Brazil.
During the next two decades, Brazil experienced rising urban land prices, which was the
result of an accelerated urbanization process. Brazil’s rapid urbanization generated negative
externalities, such as the congestion of public services and a decentralization of population
growth. As asserted by Martine (1994), the expansion of Brazil’s agricultural frontiers to the
mid-west and of the tertiary sector also contributed to urbanization in this region. Between
2000 and 2010, increases in Brazil’s production of commodities and agricultural products
generated jobs in towns far away from large traditional urban centers. However, an entire
decade of price stability and income growth, mainly in the peripheral regions, and the new
potential relevance of the big cities’ human capital created additional conditions for the
population dynamics in Brazil’s cities (Da Mata et al., 2007; Silva et al., 2017).

In summary, three social forces are acting to shape the size distribution of Brazilian
cities. First, agglomeration forces were associated with the industrialization process and,
more recently, with local concentration of human capital. These forces tend to increase
the importance of traditional big cities and metropoles. Additionally, both the problems
associated with the congestion or insufficiency of public services and goods provision and
the expansion of agriculture frontiers acted to stimulate the growth of small- and medium-
sized cities. Despite the great transformations experienced in Brazil between 1970 and 2010,
the number of large cities (over 1 million) was relatively stable and, by contrast, many
small-sized towns grew to be medium-sized.

In this research, we aim to increase the understanding of the impacts of these forces
by answering two basic questions associated with city size distribution in Brazil. First,
how did cities of different sizes grow during the period 1970 to 20107 Second, how are
the movements within the distribution affected by spatial dependence? Specifically, we
investigated the evolution of city size distribution and how this is affected by the location of
the cities relative to their neighbors. The last point is motivated by the evidence provided
by Resende (2013) and Silva et al. (2017): spatial context is essential for understanding the
economic and population dynamism of Brazilian cities.

City size distribution has been extensively studied (Pumain and Moriconi-Ebrard, 1997;
Dobkins and Ioannides, 2000; Black and Henderson, 2003; Gabaix and loannides, 2004;
Le Gallo and Chasco, 2008; Lalanne, 2013; Soo, 2014), but most empirical studies consider
only developed countries and few explicitly account for spatial dependence. Among these
studies, Dobkins and Ioannides (2000) found evidence of divergent growth if spatial depen-
dence is ignored but found convergent growth in the presence of spatial effects. Le Gallo
and Chasco (2008) analyzed the evolution of the population growth of Spain’s municipal-
ities between 1900 and 2001. The authors estimated transition matrices associated with
discrete Markov chains to obtain information concerning the movements of the urban groups
within the population distribution, but they did not explore the approach suggested by Rey
(2001), who proposes the use of a spatial Markov matrix. Lalanne (2013) investigated the
hierarchical structure of the Canadian urban system and found that Zipf’s law is not valid.

In the case of Brazil, few studies have investigated the behavior of city size distribution.
Oliveira (2004) estimated Pareto coefficients for Brazil between 1936 and 2000 to study the
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evolution of size distribution in Brazilian cities and test the validity of Zipf’s law. The ob-
tained results do not support the conclusion that the rule of order and size applies to Brazil.
Trindade and Sartoris (2009) examined the evolution of size distribution of cities in Brazil
between 1920 and 2000 and the results show evidence of divergence. Similar to Oliveira
(2004), Trindade and Sartoris (2009) did not use spatial Markov matrix. Monastério (2009)
analyzed the changes in the spatial distribution of population and manufacturing employ-
ment in Brazil between 1872 and 1920 and considered exploratory spatial data analysis and
Markov chains, as suggested by Rey (2001). He found that localities, where the density
of proximal neighbors was low, tended to approach the low-density profile of its neighbors.
Justo (2012) found evidence of low inter-class mobility and high persistence in the population
distribution behavior of 431 municipalities between 1910 and 2010. However, the author did
not use the approach of a spatial Markov matrix proposed by Rey (2001). Finally, Moro and
Santos (2013) found low mobility between 1970 and 2010, but their sample only included
municipalities that existed in 1970, which did not cover all of Brazil’s territory.

This set of studies on the dynamism of Brazilian cities presents at least two notable
limitations. First, they did not consider an entire set of Brazilian municipalities. Thus, the
results only provide a partial picture of the country’s dynamic city-size distribution. Second,
spatial dependence is scarcely considered when the dynamics of city size are studied and,
as recently shown by Silva et al. (2017), capturing spatial spillovers are essential for un-
derstanding the population growth of Brazilian municipalities. The present study addresses
both of these limitations.

By analyzing the evolution of the Brazilian city size distribution, we begin by revisiting
the traditional Zipf’s law approach and subsequently, the distribution evolution as a Marko-
vian stochastic process. Next, we consider spatial dependence through the spatial Markov
chains developed by Rey (2001). Our three main results indicate that (i) Brazil’s popula-
tion distribution is, as the decades progress, moving away from Pareto law; (ii) there is low
inter-class mobility and a high likelihood for cities to remain in their own class size from
one decade to another, and; (iii) different spatial contexts have different effects on regional
transition.

In addition to this introduction, Section 2 presents the data and initial evidence. Section 3
explores the evidence using the traditional Zipf’s law approach. Section 4 presents evidence
about the city size distribution by using classic Markov chains. Section 5 presents the
evidence of the importance of spatial interactions using spatial Markov chains. Section 6
presents the conclusions and policy implications.

2. DATA AND INITIAL EVIDENCE

The main source of data used in this analysis comes from the Brazilian Demographic Census,
conducted by Brazil’s IBGE, for the years 1970, 1980, 1991, 2000, and 2010. Although a mu-
nicipality constitutes the smallest unit of observation in political and administrative terms,
the inter-temporal comparisons at a strictly municipal geographic level becomes inconsistent
with changes in the number, area, and border of municipalities that occurred over those
decades. From 1970 to 2000, the number of municipalities increased from 3,952 to 5,565.
Therefore, to allow for consistent comparisons over time, it is necessary to aggregate these
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municipalities into broader geographical areas, called minimum comparable areas (MCAs).
Following the approach of Silva et al. (2017), for each census, the municipalities are grouped
in MCAs to ensure their boundaries do not change during the study period.! This study
includes 3,609 MCAs and represents an aggregation of all Brazilian municipalities for each
census from 1970 to 2010 covering the entire territory and avoiding selection bias problems.

Initially, to investigate the evolution of Brazil’s population distribution shape from 1970
to 2010, a non-parametric normal kernel density with a bandwidth value of 0.0245 was
estimated for the urban population distribution for each decade.? Relative population size
is considered and Figure 1 presents the distributions of population size in 1970, 1991, and
2010. The number 1 on the horizontal axis indicates Brazil’s average MCA size, 1.5 indicates
50 percent higher than the average, and so on.

The decrease in the concentration of MCAs around the mean over the decades sampled
is remarkable (Figure 1). This decrease presents a regressive deconcentration rhythm in
each decade, that is, the sizes of the localities are not converging at the same level but
diverging at a diminishing rate. The statistical summary in Table 1 clarifies Figure 1. The
distribution in 2010 is the most dispersed around the mean, and this is the trend between
1970 and 2010. Specifically, measured by the standard deviation increase, the distribution
became approximately 20 percent more dispersed between 1970 and 2010. However, this
divergence decreases between 1970 and 1980, and between 2000 and 2010, the standard
deviation growth was 9 percent and 2.1 percent, respectively. With the reduction in the
median over the sample decades, we observe that greater dispersion arises mainly from an
increased presence of cities above the mean.

3. ZIPF’S LAW

In this section, we extend the aforementioned analysis by considering the evolution of the
size distribution of cities through Zipf’s law. Denoting the classification order of the city
in the population size distribution by R and the city’s population by S, this rank-size rule
states that the size distribution of cities is given by:

R=aS" (1)

where o and /3 are the parameters.® /3 is the Pareto exponent, and the size distribution of
cities depends on its value. By capturing the relationship between the relative variation of

IFor additional details, see Reis et al. (2010). An alternative to aggregating the data is to work with only
a sample of municipalities, which could introduce selection bias and limit the scope of the analysis. Thus,
our choice allows us to consider all of Brazil’s geographical space between 1970-2010. We believe that
these gains justify the option of using MCA. As recently showed by Lima and Silveira Neto (2018), most
of Brazilian municipality secessions occurred in small cities, thus, our choice reduces mainly the number
of smaller cities. This may limit the movement of people between these cities over time, but on the other
hand, may also allow for more inter-class mobility in the lower classes (population).

2The largest bandwidth among the optimum values calculated for each decade was chosen. Optimum values
for each decade were calculated using the Matlab function ksdensity.

3Statistical and economic foundations for the relation are provided, respectively, by Gabaix (1999); Duranton
(2006). The explanations, however, rely on specific assumptions about statistical processes and city growth
determinants.
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Figure 1: Normal Kernel Density Functions for the Population Distribution of MCAs,
1970-2010

45 T T T T T T T T T

Probability Density Estimate
[\]
T

0.5

0 = l l l l l | = —
0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 1.6

Relative Log of Population Size

Notes: Authors’ estimates using data from Brazil’s Demographic Census years 1970, 1980, 1991, 2000, and
2010.

city sizes and ranks, this coefficient provides information about the conditions of the city
size distribution convergence or mobility. If § > 1 and tends to infinity, all cities tend to
have the same size. By contrast, the smaller the value of 5 < 1, the weaker the reaction of
the rank to variation in the city sizes, the harder the conditions of mobility and the more
the city size distribution spreads out. Finally, if 5 = 1, we have Zipf’s Law and the cities’
populations are proportional to their inverse rank position (Le Gallo and Chasco, 2008).
Notably, however, because rank size analysis does not provide information about the growth
rate of the city sizes, the value of the coefficient by itself does not assure that the city sizes
converge.

Empirically, to avoid OLS bias when estimating the parameters of Equation (1), we follow
the suggestion of Gabaix and Ibraagmov (2011) and consider the modified log-log rank-size
specification in Equation (2):
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Table 1: Statistical Summary - Relative Population of Brazil’s MCAs,

1970-2010
Year Mean Median Standard Deviation
1970 1 0.9914 0.1044
1980 1 0.9905 0.1137
1991 1 0.9902 0.1194
2000 1 0.9885 0.1231
2010 1 0.9880 0.1258

Notes: Authors’ estimates using data from Brazil’s Demographic Census years 1970,
1980, 1991, 2000, and 2010.

In(R;; —0.5) =Inay — B In Sy + su (2)

Table 2 presents the estimation of the parameters of the rank-size equation (2) for all of
Brazil’s MCAs in each decade using an OLS estimator. In the 1970s, the estimated Pareto
coefficient approaches Zipf’s law, with an estimated value of 0.95. Consistent with the time
dynamics of the distributions presented in Figure 1, in the following decades, this coefficient
deviates increasingly from the unit value, reaching 0.77 in 2010.%°

Table 2: Rank-Size Relation with log(rank — 0.5) as the Dependent
Variable, 1970-2010

Explanatory

Variables 1970 1980 1991 2000 2010
Variable

Intercept 16.1634**  15.4676** 15.1453** 14.9159** 14.7381**
In Population — -0.9557**% -0.8733** -0.8282** -0.7980** -0.774 **
No. Obs. 3659 3659 3659 3659 3659
R-Squared 0.912 0.919 0.923 0.927 0.928
Log Likelihood -2,500 -2,361 -2,280 -2,175 -2,216
JB Stat 4,144%* 6,319%* 10,744**%  17.444%%  21,930**

Notes: Authors’ estimates using data from Brazil’s Demographic Census years 1970,
1980, 1991, 2000, and 2010. ** Indicates significance at the 1 percent level.

4Results obtained without the correction proposed by Gabaix and Ibraagmov (2011) generate similar results
and are available from the authors upon request. To illustrate the estimate, a In(rank—0.5) x In(population)
graph is presented in the Appendix.

“We also considered a spatial version of the equation (2) and presented the results in Table 7 of the Appendix.
Specifically, these results were obtained from a Spatial Durbin Model (SDM) econometric version of this
equation. Although the coefficients of the spatially lagged variables were statistically significant, the result
for the estimated Pareto coefficient remains practically the same as those presented in Table 2. A richer and
more informative treatment of the spatial dependence for understanding the city-size distribution dynamic
is presented in Section 5.
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This result is qualitatively consistent with Trindade and Sartoris (2009); Justo (2012);
Moro and Santos (2013). However, the first two studies, unlike our analysis, used a high level
of aggregation: 920 MCAs between 1920 and 2000, and 431 observational units between 1910
and 2010. The high aggregation level used by these studies has led to results that indicate a
higher population concentration than using less aggregated data.® Although Moro and Santos
(2013) use municipality as an observational unit (more disaggregated than MCAs), they
consider only the urban population, which makes our results quantitatively incomparable.

4. CITY SIZE DISTRIBUTION AND THE MARKOV TRANSITION DY-
NAMIC

Although useful for obtaining information about general mobility conditions, the rank-size
relation is limited when examining the movements inside the size distribution of cities. Thus,
in this section, we present evidence on the city size distribution dynamics according to the
rank position movements as a Markovian stochastic process. By modeling the transition
process of the MCAs directly, we can examine the evolution and trends in the MCAs’ size
distribution.

We denote D, as the distribution of the cross-section relative population of the MCAs
at time t. Next, we discretize the population distribution in K groups. To proceed with
the estimation, we first need to assume that the distribution frequency follows a first order
stationary process of Markov (Le Gallo and Chasco, 2008). This assumption requires transi-
tion probabilities, m,;, of order 1, which means independence of the classes at the beginning
periods (t — 2,t — 3,...). Following this assumption, the transition probability matrix, M,
represents the evolution of a size distribution, where each element (i, 7) indicates the prob-
ability that a city in class ¢ at time ¢ will be in the class j in the following period (Le Gallo
and Chasco, 2008). The frequency of cities in each size class at time t is, thus, given by the
following;:

Dt+1 — MDt (3)

where the transition probability matrix, M, is:

miq mi2 ... TK
maoq Mmoo oo Mok

M= o . (4)
mg1 Mgo2 ... MKK

where m;; > 0 represents the probability that the cities of a particular size class ¢ at time
t —1 will be in the class j at time ¢ and ZJK:1 m;; = 1. These elements of M can be obtained
following the maximum likelihood estimator (Amemiya, 1985; Hamilton, 1994), specifically,
mj = 7;—], where n;; is the number of MCAs moving from class ¢ to j between ¢ — 1 and ¢,
and n; is the number of municipalities that remain in ¢ for all 7' — 1 transitions.

6In 1970, Brazil’s territory was divided into 3,952 municipalities.
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Table 3: Markov Transition Probability
Matrix for Brazil’s MCAs Population,
1970-2010

¢, tit1
1 2 3 4

1 0.9208 0.0781 0.0005 0.0005
2 0.0787 0.8249 0.0951 0.0014
3 0.0005 0.0971 0.8356 0.0667
4 0.0000 0.0000 0.0686 0.9314

Notes: Authors’ estimates using data from
Brazil’s Demographic Census years 1970,
1980, 1991, 2000, and 2010.

As highlighted for example, by Le Gallo and Chasco (2008), if the stationarity of transi-
tion is satisfied, then

Dt+s - MSDt (5)

and we can define the steady-state distribution of D; when s tends to infinity. In this
case, the matrix of transition probabilities converges to M* of rank 1, and the steady-state
distribution, D*, is given by the following:

MD* = D*. (6)

When t — oo then D* represents the future distribution of the localities’ size.

Table 3 shows the traditional Markov transition probability matrix for four classes ac-
cording to the quartiles for each decade between 1970 and 2010. An MCA in the first quartile
class means it is among the smallest 25 percent in terms of relative population in that year.
If an MCA is inserted in the fourth quartile, this means it is among the largest 25 percent
in terms of relative population.

From Table 3, several points can be observed. First, if the MCA is in the i** class, the
probability of being in the same class in the subsequent decade is at least 82.49 percent and
at most 93.14 percent. These high probabilities on the main diagonal show low rates of inter-
class mobility and a high persistence of MCAs that remain in their own class from one decade
to another over the entire period. This is a remarkable result when we consider Brazil’s rapid
urbanization. The evidence indicates that this process occurred while preserving basically
the same pattern of distribution as the 1970s and is consistent with the persistence of Brazil’s
regional inequality during the period (Lima and Silveira Neto, 2015).

Second, the largest and smallest MCAs have a lower probability of moving to other cat-
egories, that is, these localities have less inter-class mobility than the medium-sized cities.
This evidence suggests that the initial agglomeration gains of big Brazilian cities are consid-
erable and in line with the evidence of an urban wage premium in Brazilian cities (Barufi
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et al., 2016). By contrast, the lower mobility observed for the group of smallest cities is
consistent with the loss of scale economies involved in the municipalities’ creation during
the 1980s and 1990s and with poor infrastructure conditions in these cities (Lima and Sil-
veira Neto, 2018). The higher inter-class mobility of the medium-sized cities indicates the
presence of differentiated performance among them. More specifically, the highest transition
probabilities among the classes are 9.71 percent and 9.51 percent, which occur, respectively,
for the movements from the third to second and second to third quartiles.

Together with the high persistence of the largest and smallest MCAs to remain in their
initial class, this final piece of evidence indicates the major role of medium-sized localities
in the processes of urban agglomeration that occurred in Brazil over the last 40 years. This
evidence is in agreement with Andrade and Serra (2001), who asserted that medium-sized
cities play a decisive role in the automatic decentralization of economic activities in Brazil.
For example, Silveira Neto and Azzoni (2011) shows that Brazil’s manufacturing sector,
initially located close to big cities, presents a clear tendency of less spatial concentration
between 1990 and 2010. Given the country’s regional diversity, this differentiation observed
in medium-sized cities can be associated with the city’s locations, a possibility we explore in
the next section.

To determine the speed with which the urban municipalities move within the distribution,
we estimate the first mean passage of time relative to population.” On average, the number
of years needed to reach any class other than the original class is relatively high: the shortest
and longest time passages are 13 years (from class 1 to class 2) and 75.36 years (from class 1
to class 4), respectively. As expected, more distant classes take a longer time to reach. For
example, for an MCA that was originally in class 1 to achieve class 3, it takes on average
33.6 years. The faster declines in classes 3 and 4 (20.28 and 14.58 years, respectively) may
indicate that localities in these classes are more likely to lose relative population.® This
evidence suggests a general progressive suburbanization process in which big cities slow or

stop growing, favoring the progressive appearance of smaller population cores (Le Gallo and
Chasco, 2008).

To compare the changes over the time, Table 4 presents the Markov transition proba-
bility matrix decade by decade.” The probabilities of MCAs remaining in the same class
increased over time, which can be verified by observing the values on the main diagonals.
The probability increases again, indicating a low mobility among the classes. This evidence
of stability in the population distribution behavior over time is consistent with the previous
normal non-parametric kernel density function estimates (Figure 1). Chi-square (Q) and
likelihood ratio (LR) tests for homogeneity across lag classes, suggested by Bickenbach and
Bode (2003), indicate that the Q and LR statistics are 261.0 and 241.81, respectively, and
are both significant at the 1 percent level, indicating the dynamics are not homogeneous
across the time. Notably, however, these test statistics tend to be inflated in the presence

"Based on equation (13) of Le Gallo and Chasco (2008).

8Table 8 presented in the Appendix.

9Note that, because it considers a longer time period, the matrix in Table 3 can capture movements between
size classes that take some time to happen. The matrices in Table 4, on the other hand, tend to express
more short run movements in different directions (for example, it can reflect cities moving back to their
initial class).
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Table 4: Markov Transition Probability
Matrix for Brazilian MCAs Population

by Decade

tit1

2 3

1970/1980

=W N =

0.7636
0.0472
0.0005
0.0408

0.1351 0.0338
0.8189 0.1339
0.0163 0.9792
0.0000 0.1720

0.0675
0.0000
0.0040
0.7872

1980/1991

=W N =

0.8182
0.0301
0.0009
0.0428

0.1136 0.0142
0.8893 0.0806
0.0147 0.9793
0.0066 0.1053

0.0540
0.0000
0.0051
0.8454

1991/2000

=W N =

0.9329
0.0295
0.0000
0.0139

0.0183 0.0000
0.9004 0.0701
0.0134 0.9816
0.0000 0.1010

0.0488
0.0000
0.0049
0.8850

2000/2010

1
2
3

4

0.9731
0.0143
0.0000
0.0142

0.0180 0.0000
0.9297 0.0560
0.0083  0.9890
0.0000 0.0747

0.0090
0.0000
0.0026
0.9110

Notes: Authors’ estimates using data from
Brazil’s Demographic Census years 1970,
1980, 1991, 2000, and 2010.

of positive spatial autocorrelations among spatial units (Fingleton, 1983a,b, 1986), which is
exactly the context we found and discuss in the following section. We cannot definitively

reject the assumption of homogeneity.

The ergodic distribution, or limit distribution, can be interpreted as the long-run equi-
librium in the distribution of the relative population of the MCAs. In this study, as the
relative population discretization was created from the quartiles, the ergodic distribution
will naturally be similar to the initial distribution of classes (25 percent of MCAs in each
class) and does not present notable results. However, we can use the tests suggested by Rey
(2001) to compare the steady-state matrix of the classic case with the steady-state matrix
conditioned by spatial lag, as we shall see in Section 5.
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5. SPATIAL MARKOV DYNAMICS

An important limitation of the traditional Markov chains, when studying the dynamics of
cities, is that they do not consider the spatial dependence that may exist among spatial
observational units. The spatial dependence can arise from measurement errors, such as
boundary mismatches between the administrative data and actual market processes, but
also may reflect shared amenities and knowledge spillovers among spatial unities, trade and
migration flows, and competition or complementarities among local governments. In the case
of Brazil’s cities and regions, evidence indicates that spatial dependence substantively affects
the growth of cities and regional income (Lima and Silveira Neto, 2015; Silva et al., 2017).
Furthermore, given the country’s high regional diversity, it is possible that, by considering
the specific location of municipalities, we can expand our understanding of the factors behind
the higher inter-class mobility verified in medium-sized municipalities. Thus, we introduce
spatial dependence into the previous analysis of the population distribution dynamics of
Brazil’s cities through spatial Markov chains proposed by Rey (2001).

Rey (2001) suggested a modification of the traditional Markov matrix: conditioning the
transition probability, p;;, to the j initial class of the spatial lag of the variable in question.
Here, this conditioning concerns the population size class of the spatial lag in the initial
period.!® This combination of traditional Markov matrix and spatial autocorrelation is
called the spatial Markov matriz. This matrix can be constructed by the traditional matrix
decomposed into a k x k x k. An explicit test of influence of the neighbors of a locality can
be based on the comparison between the states’ transitions conditioned to the initial state
of its spatial lag (Rey, 2001).

For the k™ matrix conditional, an element m;j, is the probability of a region in class i
at time ¢ that becomes class j in the next moment on the understanding that its spatial lag
was in class £ at time ¢. The spatial transition matrix can be used to test the negative or
positive influence of geographic neighbors in a region.!' In our case, the MCAs are divided
into four size classes (i.e., small, medium-small, medium-large, and large). For example, if
we want to know the effect of medium-large sized neighbors on the transition to move up or
down of a locality, we analyze the matrix elements in the third conditional, where the spatial
lag is medium-large. For instance, the msy3 element stands for the possibility of a region in
the medium-large class to move upward, given that its neighbors are in the medium-large
class.

Furthermore, it is possible to determine the influence of spatial dependence on the transi-
tion probability by comparing the elements of the traditional transition Markov matrix with
the elements of the spatial Markov matrix. For example, if ms, > mgyj3, the probability of
an upward movement in the classification of a city in the medium-large class is higher than
the probability of one in the medium-large class with neighbors in the same class. By con-

10The population spatial lag is given by Pop. spatial lag; = Z?Zl w;jPop; where w;; is the ij*" element
of the nonnegative W(NzN) matrix describing the arrangement of the spatial units. In this case, the
standard contiguity neighbors matrix was used. In this spatial weight matrix, w;; = 1 if ¢ and j are
contiguous neighbors and zero otherwise, the diagonal elements also have values set to zero, because no
spatial unit can be viewed as its own neighbor.

H1See Table 3 in Rey (2001).
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trast, if the neighborhood has no effect on the probability of transition, then the conditional
probability is equal to the probability of the traditional Markov matrix:

mij|1 = mij|2 = ...= mmk = mpij s \V/ Z,] (7)

The main benefit in analyzing the dynamics of the spatial conditioning is capturing
the influence of neighborhood dimensions on the mobility possibility of areas within the
population hierarchy. In addition to providing a detailed view of the geographic dimension
of population distribution, is it possible to answer questions such as, is an MCA’s probability
of moving up or down in the distribution related to its neighbors? Or,is spatial dependence
similar or different for upward and downward movements?

To introduce spatial conditioning in the previous analysis, we use the standard contiguity
neighbors matrix (W) to estimate the spatial Markov transition matrices.'? In addition, we
test for the null hypothesis that there is no difference between each spatial transition matrix
and the traditional transition matrix using an LR test proposed by Le Gallo (2004), where
the statistic is given as follows:

o2

=1 j=1i=1

which is asymptotically distributed as a Chi-squared statistic with K(K — 1)? degrees of
freedom, and where K is the number of cells of the distribution (K = 4), m;; is the maximum
likelihood estimate (equation (5)), 772;;(1) is the estimated probability that an MCA is in class
iat t—1 and class j at t given its spatial lag is in class [ at t—1, and n;;(!) is the corresponding
number of MCAs. The set of matrices, together with the test value statistics, are reported
in Table 5.

The numbers in the last two columns of Table 5 indicate that we should reject the
null hypothesis that the spatially conditioned sub-matrices and the traditional transition
matrix are not different at the 1 percent significance level. This suggests that to capture the
transition dynamics of the size distribution, it is necessary to consider the spatial dependence
among MCAs, that is, the initial location of the MCAs matters.

According to the numbers of the transition matrices in Table 5, the neighbors of a MCA
affect its transition probabilities over time. We also note that different spatial contexts have
different effects on the transition of different regions. Specifically, the probability of upward
transitions for the following quartile increase when its neighbors in are in higher classes. For
example, for a MCA in the first quartile with neighbors in the same class, the probability of
moving upward to the second quartile is 4.48 percent; however, if it is adjacent to localities
in the fourth quartile, this probability increases to 13.26 percent. In the same manner, for an
MCA in the third quartile with neighbors in the second, the probability of moving upward
to the fourth quartile is 4.09 percent; however, if it is adjacent to localities in fourth quartile
this probability increases to 11.66 percent. Notably, the probability of downward transitions
for the following quartile does not necessarily increase with neighbors in smaller classes.

12The results are similar when using different k-nearest neighbors matrices. These results are available upon
request.
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Table 5: Spatial Markov Transitions Probabilities Matrix for Brazilian MCAs Population,

1970-2010
Spatial Lag t; tint X2 P-value
1 2 3 4
1 0.9546 0.0448 0.0006 0.0000
2 0.1088 0.8391 0.0522 0.0000
! 3 0.0000 0.1088 0.8407 0.0505 61.8955 0-0000
4 0.0000 0.0000 0.0507 0.9493
1 0.9096 0.0894 0.001 0.0000
2 0.0850 0.8470 0.0670 0.0009
2 3 0.0011 0.1105 0.8475 0.0409 241559 0-0041
4 0.0000 0.0000 0.0700 0.9300
1 0.8866 0.1134 0.0000 0.0000
2 0.0559 0.8410 0.1030 0.0000
3 3 0.0009 0.0986 0.8489 0.0516 26.3733 0-0018
4 0.0000 0.0000 0.0811 0.9189
1 0.8628 0.1326 0.0000 0.0047
2 0.0631 0.7474 0.1836 0.0059
4 3 0.0000 0.0761 0.8073 0.1166 148.6507 0-0000
4 0.0000 0.0000 0.0657 0.9343

Notes: Authors’ estimates using data from Brazil’s Demographic Census years 1970, 1980, 1991, 2000, and
2010.

These initial observations suggest that from 1970 to 2010 the presence of bigger MCAs
in the vicinity favors the growth of Brazil’'s MCAs. These observations are also consistent
with the presence of positive spatial spillovers in population growth from the workforce
occupied in the neighbors MCAs in the same period, which are provided by the spatial
panel econometric analysis of Silva et al. (2017) and explained by easier and more robust
economic interactions. Additionally, these observations are in line with the idea of a spatially
concentrated dispersion of economic activities in Brazil identified by Sobrinho and Azzoni
(2014), where the industrial dispersion from the big cities tends to favor neighboring cities
and regions.

Introducing spatial conditioning also allows for the understanding of some the character-
istics of recent urban agglomeration processes in Brazil. Notably, the intermediary classes
present a higher probability of inter-class mobility (2 and 3), and the highest probability of
moving upward occurs when the neighbors are in the most populous class (4). This evidence
is consistent with an overflow of the population from large- to medium-sized cities and again
highlights the major role of medium-sized localities in the processes of urban agglomeration
that occurred in Brazil over the last 40 years.

It is possible to understand the influence of spatial dependence on the transition proba-
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Table 6: Steady-State Distributions for Brazilian MCAs population, 1970-2010

Spatial Lag Population (Share) v Povalue
1 2 3 4

1 0.5472 0.2284 0.1125 0.1119 1,854.31 0.0000

2 0.3225 0.3401 0.2101 0.1273 439.07 0.0000

3 0.1570 0.3130 0.3239 0.2062 293.21 0.0000

4 0.0537 0.1167 0.2939 0.5357 2,047.00 0.0000

Notes: Authors’ estimates using data from Brazil’s Demographic Census years 1970, 1980, 1991, 2000, and
2010.

bility by comparing the elements of a traditional transition matrix with the elements of the
spatial Markov matrix. For example, ignoring the spatial context (Table 5), the probability
of an MCA in the third quartile to move down to the second quartile is 9.71 percent, this
probability increases to 10.88 percent if the neighbors are in the first quartile (less populated
class). We can also observe, by comparing the traditional and spatial matrices, that less
populous MCAs with highly populated neighbors decreases the probability of persistence
in the same class distribution. Specifically, ignoring the spatial context, the probabilities
of MCAs to remain in the first and second quartiles are 92.08 percent and 82.49 percent,
respectively. These probabilities decrease to 86.28 percent and 74.74 percent, respectively,
when highly populated neighbors surround these locations.

Additionally, to observe how Brazil’s urban hierarchy is spatially dependent, we can ex-
plore the steady-state distribution implied by each estimated conditional transition probabil-
ity matrix from Table 5. The calculated steady-state distributions are presented in Table 6,
together with the multinomial test statistic values suggested by Rey (2001) for the difference
between the steady-state distribution from a conditional distribution and the overall steady-
state distribution. The values of these statistics are presented in the last two columns of
Table 6 and indicate that, in all cases, one should reject the null hypothesis that the spatially
conditioned steady-state distribution equals the unconditioned steady-state distribution.

According to the numbers in Table 6, in the case of Brazil, urban hierarchy appears
strongly dependent on the neighbors that surround the locations. More specifically, for
example, the long-run distribution for MCAs neighboring relatively less populated (class 1)
locations has 54.72 percent of localities in the first quartile and 11.19 percent in the fourth
quartile. By contrast, the long-run distribution for MCAs neighboring relatively highly
populated (class 4) locations has just 5.37 percent of the localities in the first quartile and
53.57 percent in the fourth quartile.

As argued by Le Gallo and Chasco (2008), concentration of the frequencies in some
classes, that is, a multimodal limit distribution, may be interpreted as a tendency toward
stratification into different convergence clubs. As can be observed in the main diagonal, there
would be a higher concentration of frequency according to the spatial lag on a particular
class that can indicate different convergence clubs according to spatial lag.

The traditional central place theory (Losch, 1954; Christaller, 1966; Mulligan, 1984) high-
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lights the different levels of a location’s centrality, with the higher level of centrality often
providing all the functions found in the lower level locations. Because different levels of
centrality can arise from the spatially conditioned steady-state distributions, the aforemen-
tioned set of evidence presents some coherence with a hierarchical system. Notably, however,
the results suggest neighbor’s locations with similar levels of centrality present more comple-
mentarities than competition. This evidence is consistent with much better infrastructure
existing in Brazil’s biggest cities and their neighboring locations and the process of spatially
concentrated dispersion of aforementioned economics activities.

Our results also appear consonant with approaches to urban systems based on the New
Economic Geography (NEG) perspective. These approaches highlight two basic opposing
forces that condition the economic landscape and number of cities, the population size and
transport costs that, respectively, favor and disfavor the number of cities (Fugita and Krug-
man, 1995; Fugita et al., 1999; Tabuchi et al., 2011). We note that both factors were clearly
present in Brazil during the period from 1970 to 2010, and our set of evidence appears in
line with their potential influence:'® the dispersion force arising from a bigger population
could have acted to increase the dispersion of Brazilian city size distribution, and the trans-
port cost reduction could also have limited this process. The spatial dependence we have
identified suggests that the locations in the neighborhoods of bigger cities benefited most
from population growth.

6. CONCLUSIONS

The objective of this paper was to explore the behavior of the population size distribution
of MCAs covering Brazil’s entire territory between 1970 and 2010, a period of rapid urban
development that has been fully studied. This research not only revisits the traditional rank-
size rule and Markov chain approaches but, in line with evidence of strong spatial dependence
among Brazil’s cities (Silva et al., 2017), it also introduces the spatial Markov chain analysis
proposed by Rey (2001).

The evidence obtained from non-parametric normal kernel density functions estimates
and Zipf’s law estimation indicate that population size distribution of MCAs is becoming
more spread out and, as the years progress, moving away from Pareto law. That is, the result
shows that in the case of Brazil, over time, the ranking of cities is decreasingly influenced
by their size.

The traditional Markov chain approach indicates that there are high probabilities in
the main diagonal, indicating low inter-class mobility and a high persistence of MCAs that
remain in their own class size from one decade to another over the entire period. This re-
sult suggests significant rigidity in Brazil’s urban hierarchy. The spatial Markov transition
probability matrix and spatial ergodic distributions analysis substantively qualify this re-
sult. Specifically, we found that the probability of upward transition increases for MCAs
with neighbors in high classes, and the MCAs grouped into medium classes have a higher
probability of downward transition if their neighbors are in a less populated class. Simi-

3Between 1970 and 2010, Brazil’s urban population increased by 204.2 percent (IBGE, 2011), and according
to the World Bank (2014), from 1970 to 2000, Brazil paved more than 150,000 km of roads.
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larly, a city’s long-run size spatial distributions indicate strong (positive) influence of the
neighboring city size on city dimension.

These sets of evidence are entirely consistent with studies about the spatial dependence
of the population growth of Brazil’s cities and the process of concentrated dispersion of
economic activities in the Brazilian landscape during the period and appear to reflect the
superior infrastructure existent in Brazil’s biggest cities and their neighboring locations.
Additionally, although Brazil’s urban hierarchy appears to not perfectly reflect the traditional
central place theory hierarchy, it appears consistent with the roles of population growth and
transport cost reduction in configuring urban systems present in more recent NEG models.

Brazil is a developing country characterized by its rapid urbanization, inequality, and
cities with strong presence of informal housing. The evidence obtained in this research
indicates that city size distribution dynamics, in this context, are strongly conditioned by
the spatial heterogeneities of this country’s landscape, which makes location critical for
the evolution of cities. Additional research is necessary to verify if similar patterns are
generalizable to other developing countries.
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APPENDIX

Figure 2: In(rank — 0.5) x In(population) of Brazilian cities
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Notes: Authors’ estimates using data from Brazil’s Demographic Census years 1970, 1980, 1991, 2000, and
2010.
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Table 7: Spatial Rank-Size Relation with log(rank — 0.5) as the Dependent Variable,

1970-2010
Explanatory
Spatial Durbin Model
Variables 1970 1980 1990 2000 2010
Variable
Intercept 14.9833**  14.1975%* 13.8638** 13.6305** 13.4359%**
In Population -0.9633**  -0.8767** -0.8305** -0.7982** -0.7725%*
W In Population 0.0866**  0.0794**  0.0755**  0.0704** 0.0670**
W ln Rank 0.0601**  0.0761**  0.0802**  0.0842** 0.0882**
No. Obs. 3659 3659 3659 3659 3659
R-squared 0.912 918 0.922 0.926 0.925
Log Likelihood -645 -506 -422 -316 -357
Spatial lag, SDM model:
LR 10324** 13144** 10429** 10498** 10315%**
Spatial error, SDM model:
LR 12708%* 13144** 13385%* 13611°%* 13530%*

Notes: Authors’ estimates using data from Brazil’s Demographic Census years 1970, 1980, 1991, 2000, and
2010. ** Indicates significance at the 1 percent level.

Table 8: First Mean Passage Time Matrix in Decades for Brazilian MCAs population,

1970-2010
¢, tiv1
1 2 3 4
1 4.00 13.00 33.16 75.36
2 37.47 4.00 20.72 63.31
3 57.47 20.28 4.00 43.37
4 72.05 34.86 14.58 4.00

Notes: Authors’ estimates using data from Brazil’s Demographic Census years 1970, 1980, 1991, 2000, and
2010.
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