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A Two-Stage Heuristic Model For Intermediate-
Run Sectorial Petroleum Allocation In
A Multi-Regional Setting

Davip MULKEY AND JAMES HITE*

I. INTRODUCTION
Background

Most petroleum analysts agree that the United States faces a generation of
potential shortages of petroleum products. Careful conservation practices and
political stability in the Middle East could mean that no shortages of conse-
quence will actually occur. Moreover, even if actual shortages do develop, they
could be of small enough magnitude to be easily resolved through market me-
chanisms without causing unacceptable political consequences. Yet the embargo
on shipment of oil to the United States imposed by the Middle East nations in
the winter of 1973-74 demonstrated the potential for shortages of a severe na-
ture. A renewal of such a boycott would probably precipitate a return to the bur-
eaucratic allocation policy of the 1973-74 boycott. It would be sheer folly to fail to
develop contingency plans for such an emergency.

In this paper we will outline a two-stage, heuristic model for bureaucratic al-
location procedures. Our basic assumptions are: 1) the primary responsibility
for such allocation will be vested with the various states, and 2) each state will
attempt to allocate limited petroleum stocks so as to provide maximum protec-
tion to its economic base. We will further assume that a usable interregional
input-output model of the U.S. economy is available and that each state has in-
formation on the size of the petroleum stocks available for allocation.*

Nature of the Problem

The nature of the problem facing bureaucrats charged with allocation of petro-
leum stocks is a function of the time frame within which the allocations must
be made. In the very short-run (90-120 days), non-petroleum inputs are unlikely
to be a constraint on production since it can be reasonably assumed that in-
ventory stocks can be drawn upon to sustain output. Indeed, even petroleum
stocks may not be an effective constraint until oil already in the pipeline at the
time of the imposition of the boycott is drawn off. In the very long-run, struc-
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1For an example of such a model, see Polenske (8). A rationale for use of input-output models in
analysis of energy problems is contained in Carter (1) and an example of an application is a recent paper
by Mulkey and Hite (7).
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tural adjustments to petroleum scarcities, involving development of new, petrol-
eum-conserving technology, are likely to so drastically alter input-output coeffi-
cients as to make any forecasts of petroleum requirements little more than con-
jecture.? Hence, the short-run allocation problem is rather straightforward: Al-
location of scarce petroleum stocks to maximize an objective function subject
only to such non-petroleum constraints as are needed to prevent certain sec-
tors of the economy from receiving more petroleum than they can use, given
existing plant capacities. The long-run problem is one of monitoring structural
changes to maintain up-to-date input-output coefficients. These problems are by
no means trival, but they are far easier to deal with than problems associated
with the intermediate-run.

In the intermediate-run, both petroleum and non-petroleum inputs are likely
to be effective constraints on production. After three or four months of an
embargo which seriously curtails petroleum stocks, supplies of vital non-petro-
leum inputs may dwindle as inventories cannot be replenished due to cut-backs
in the production of intermediate goods. Interindustry flows of goods—both in-
tra- and interregional—are likely to be interrupted and there is the potential that
petroleum allocations to some economic sectors will go unused because indus-
tries cannot obtain necessary non-petroleum inputs.

The problem can perhaps best be understood by reference to Figure 1. For
purposes of simplification, assume a closed economy divided into two regions
(or states). Further assume that this is a two-product economy characterized
by linear production functions requiring inputs in constant proportions. Region
A is specialized in production of X and Region B in production of Y. Further-
more, assume that X is a vital input for production of Y and Y a vital input
for production of X. Thus, Region A must have imports of Y from Region B and
Region B must have imports of X from Region A.

In Figure 1, we assume that both regions determine initial optimum alloca-
tions of petroleum to industries X and Y, respectively, based on independent lin-
ear programming solutions in which imports from the other region are not con-
sidered as constraints. Such initial allocations are appropriate in the front-end
period of an embargo. These initial allocations result in providing OF ; amount

of petroleum to X and OFb amount of petroleum to Y. Hence, early in the em-
bargo period, production of X is OX and production of Y is OY,. At the OX,

level of production, Region A will be able to export to Region B an amount of
X equal to OX, which will be available to Y as inputs for production in period
two. Likewise, at the OY, level of production, Region B will be able to export
to Region A an amount of Y equal to OYb, which will be available to X as in-
puts in production period two.

However, in production period two the intermediate-run problems begin to
arise. The OX 4, amount of imports available to Region B from Region A is only

2See (6).



Figure 1. Two-region, two-product model of production in petroleum embargo conditions
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sufficient to sustain production of Y atlevel OY, , a level somewhat below that
which continued allocation of OFb amount of petroleum will support. Conversely,
the OYb amount of imports available to Region A from Region B will sus-
tain production of X at a level equal to 0X,, a level somewhat greater than con-
tinued allocation of OF, amount of petroleum will support. Since production

levels in period two are constrained by the most limiting factor, production w1ll
be OX, and OY,, respectively, in Regions A and B. Hence, Y will have OFb

amount of petroleum available but will be able to utilize only OFb amount of petro-
leum, and OFb-OFl/) amount of petroleum which would have been used to support

production will be unused. Except for the “waste” of petroleum, the two-region
system is in equilibrium in period two. If there is no feedback of information rel-
ative to excess petroleum being allocated to Y, petroleum will continue to be allo-
cated to that industry in excess of its ability to use it, given availability of in-
puts of X, and overall production will continue at levels below that which total
available petroleum stocks would support. The problem is one of classic sub-
optimization.

Alternative Solutions

There are several alternative solutions to the intermediate-run problem de-
scribed above. The most straightforward is simply to discard bureaucratic alloca-
tion in favor of the market.® Such a solution not only violates one of our initial
basic assumptions, it also produces a potential “second-best” situation unless per-
fectly competitive markets exist throughout the economy.* Another possibility
is to abandon regional, or state, bureaucratic allocation in favor of federal allo-
cation. The political barriers to this approach probably render it unrealistic which
is why we initially assumed that primary responsibility for allocation would be at
the state level. The alternative we have chosen to explore in this paper is a two-
stage allocation process involving cooperative state-federal efforts. The model
which we develop is heuristic in the sense that it facilities a systematic search
for improved allocations but does not guarantee a global optimum as a final result.’?

II. TaE MODEL

General Format

The model which we propose is based on an iterative scheme involving twoi
levels of decision-making: Regional (or state) and federal. The model is iterated
as many times as necessary until no improvement in the allocations is observed
in reference to the objective function, or functions. While explication of the model

3See (3) and (5).
4See (4).
5For more on the rationale of such an approach, see (2).
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is couched in terms of real-time application, it can, in practice, be utilized as a
SHnulatlon model so that the practical application of the final solution can com-

pence with initial imposition of an embargo. Hence, the model is intended as a

planning tool for forecasting intermediate-run sectorial petroleum allocations in a
multi-regional setting.

Source of Coefficients

We assume an h region interregional 1nput-output matrix of a closed econ-
omy of the form schematically represented in Figure 2. Such a matrix includes

h regional input-output sub-matrices[ kX] and h* - h interregional trade-flow
sub-matrices[le] , each of the order n x n. Then:

T
Kb, e ;[lkBt]g

and

where l:le ; is an n x n sub-matrix of interregional trade flows from the j th
sector in the k th region to the ith sector in the 1B region in

period t, and

[1k B, ] is an n x n sub-matrix of interregional trade flows from the j th
sector in the 1t region to the i " sector in the k! region in

period t.

: k, 1
Also: l: I—A :' is the Leontief Inverse of[kX] for all time periods,

so that,

o [1-%]" [kYt:\ - [kzt]

where [kYt] is an n x 1 vector of deliveries to final demand by the k th
region in period t, and
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Figure 2. Schematic representation of a multi-region interregional input—outpﬁt
model

[th } is an n x 1 vector of total outputs by the k th region in period t.

The basic relationship defined in Equation 1 holds for all regions.

Similarly, we define:- K k
yit € 3 l: Yt :I g

which holds for all regions.

We also assume a matrix of petroleum products requirements [ P] of ordefr
m x n which is identical for all regions and all time periods.

That is:
Py ¢ J[P]}
and p,,; is the direct requirement of the d s petroleum product needed by the

i sector to produce one unit of total output.
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Hence:

@ [p] [1-%a] " — [M&]

where [l,kR]is a matrix of order m x n of petroleum products required directly
and indirectly to support delivery of one unit of output to final de-

mand by the 1% ok th region,

Lk . {[ l,kR]}

nd:
4 id

We further introduce a matrix I:l’k E]of the order g x n of direct regional

economic impacts associated with one unit of output by each sector in the econ-
omy of region 1 or k, in all time periods and define:

ke ¢ {[ l,kE]}

where b eib is the level of the b™ economic impact directly associated
with one unit of total output by the it sector in the economy

of the 1" or k B region.

Hence:

® [YEe] [1-tka] ' _ [tkg]

where [l’kS] is a matrix of order g x n of economic impacts directly and in-
directly associated with delivery of one unit of output to final

demand by the 1t or kth region,
and: Lkg. e {[l’kS]}

We return now to the interregional trade flow sub-matrices, [lkB £ :| and
[kl B t] , defined earlier. Let us assume that:
h-

1

Ik . k
(4) % b = T it



8 The Review of Regional Studies

where K7 is the exact amount of the j ™ input needed to be imported in-

to region k to support kZitoutput,

and that the basic relationship defined in Equation 4 holds for all regions.

Then:
Lk
(5) B bk y ,
lk 1
4 it
where l’kuij is a coefficient of the amount of the j " imported input needed di-

rectly for the i®" sector of the 1™ or k t" region to support one
unit of output in all time periods in which technology is constant.
We then define a matrix [l’kU] of the order n x n of which 1’kui]. is an ele-

ment, and:

© v [ Ma] — [kg]

where [Lk Q ] is a matrix of the order n x n of imports directly and indirectly re-
quired to support delivery of one unit of output to final demand

in the 1" or k™ region,
and a, ¢ {[l,kQ]}

We can now define some identities which are useful in structuring our model.
From Equation 2, it follows that:

i

n
7 3 <1’krid l’kYit>: kg, foralld,

where Ew it is the total quantity of the d th petroleum product reguired in

the 1™ or k * region in period t.
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From Equation 3, it follows that:

n
8 I <Lksib kait> = Yp_ , for all b,

1

where T is the total level of the b™ import in the 1% or k * region

bt
in period t,

and from Equation 6, it follows that:

@ ‘kq Lk v, _ Lky i for all i and all j,
ij

where l’kXij is the total quantity of the j ! imported input needed by the

th sector in the 1 ** or k region in period t.

i
We define the quantity of imported inputs available to any region 1 or k as a

matrix [l’kW] of the order n x n, where:

1,kWij ¢ [l,k W]

and
h-1

(10) kw. = % Lk

ijt ijt-1

That is, the quantity of any j e imported input available to the i sector in
period t is equal to the total flow of the j th input to the i ™ sector in the Kkt

region in the previous period, and this relationship is assumed to hold for all re-
gions.

Initial Model: Sub-model

The initial component of the model is a straightforward, single-region linear
programming sub-model much as might be appropriate to optimizing petroleum
allocations in the short-run. The sub-model involves maximization of an objec-
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tive function associated with the b th economic impact, subject to constraints im-
posed by availability of petroleum stocks and by existing plant capacities of each
sector. No account is taken of limitations on imported non-petroleum inputs since
existing inventories are assumed to be adequate for production in this initiel
phase of the embargo. Hence, the sub-model is of the form:

(11) Maximize:

n
1k, - 1k 1k
"ot ? ( S ib Yig+1 > » some b,

n
Lk Lk Lk
(12) % < L Yiet1 > = Das 11 , for all d,

and:
(13) ™ bkg

Yieq1 = it , for all i,

where l’k(D 1 is the available total stock of the d ™ petroleum product avail-
able in the 1" or k t region in period t -+ 1, and

l’kCit is the existing plant capacities of the i th sector in the 1" or
kt region in period t + 1

1,

The initial sub-model is then solved for , for all i and regions 1 and

k
Yit+1
k, and the solution vector fed back into Equation 1. That is:

(14) [I#l,kA]“I [l,kY [l,kz

41 ] — t—H}

and then using the [l’kP ] matrix:

n
Lk Lk __ Lk
18 = ( P Zit+1> Fiae

1

where "t idtsl is the optimum allocation of the d th petroleum product to
thei ™" sector in the 1  or k region in period t + 1 (the
initial period of embargo).
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This initial sub-model also produces a set of interregional trade flow sub-
matrices whose elements are bi].t 4 or k’lbijtJrl which must be accounted
for in the second phase of the model as it is structured for period t + 2.

Regional Sub-model

The period two sub-model is the first to encounter the intermediate-run prob-
lem of sub-optimization introduced earlier. In this period, imported inputs be-
come potential constraints on production and must be given explicit attention.
Hence, we must replace the set of constraints represented by Equation 13 in the
initial sub-model by a set of constraints based on the relationship defined in
Equations 9 and 10.

The period two sub-model for any region 1 or k becomes:

n
(16) Maximize L - X <1’ksib I’kyit+2 > , some b, subject to:
1

k .
Thtt-2

n

" Lk Lk Lk
(17) §1. < o Viero > = Q)dt+2 , for all d,

and:

Lk Lk . .
(18) dy = Yigre = Ao , for all i and all j,
where A g2 is the total quantity of the j th imported input available to

the i ™ sector in the 1 ! or k region in period t + 2,
and: bl
(19) Yy . Lkyy _ E Lk,
fjt-2 ijt-+2 Tk ijt-+1

Although it is not imperative to do so, for the sake of convenience we will assume
that:

1k 1k
(20) ¢dt—i—2 - ¢dt+l

Tlllli(S period two sub-model is also solved for the vector whose elements are
*Vitio for all regions 1 and k, and that vector is substituted back into Equa-

tion 1 to obtain optimum sectorial petroleum allocations as demonstrated in Equa-
tions 14 and 15 of the initial period sub-model.

More importantly, perhaps, this period-two sub-model creates a potential situ-
ation in which some, or all, of the petroleum product stocks will not be exhausted.
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The dual of the sub-model will provide information on shadow prices, or marginal
value products, of the petroleum resources. If a resource (i.e., either a petroleum
or a non-petroleum input) is a limiting factor, it will have a shadow price greater
than zero. On the other hand, any resource not being fully utilized will have a

shadow price of zero. The shadow prices tell us how much additional b % eco-
nomic impact we could generate if we had one more unit of the resource. Hence,
a zero shadow price implies that the remaining, unused portion of the resource has

zero value to the 1 ™ or k regional economy (given the objective function of

the 1% or k region). The same resource may have a shadow price greater
than zero in some other region however. Thus, an interregional transfer of the
resource could be made without loss of any opportunity in the region from which
the transfer was made and with a gain to the region to which the resource was
transferred. We take advantage of the concept of shadow prices in structuring the
second-stage sub-model.

Second-stage Sub-model

The second-stage sub-model is a total economy sub-model designed to reallo-
cate petroleum stocks between regions based on shadow price information gene-
rated by the period-two regional sub-model. Its rationale rests on the following
relationships:

If,
1
(21) adt+2 — 0, some d,
where ot . is the shadow price of the d th petroleum product in the 1t re-

gion in period t + 2,

then it follows that:

1 _ 1 1 1
(22) ¢dt+2 < Tia yit+2> = Tatyo > 0,
where let P is the quantity of surplus stock of the d th petroleum product

in the 1t region in period t -+ 2.

On the other hand, if,
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k
(23) adt+2 > 0, some d,
then:
k k k _ k _
(24) Q)dt+2 o ( L P > - th+2 = 0.

Hence, a better solution can be had in period t + 3 by assuring that:

1 1 k k
th+3 < ¢dt+2 and Q)dt—,LB > ¢dt

-8

For convenience, we will assume that the total stock of each petroleum prod-
uct available in the entire economy in period t + 3 is equal to that available in
period t -+ 2, so that:

1 K i
(25) :Zl: Dprio T E Dyrro = % Qs T % Diis, for all d,

and that:

1 1
(26) Parrs = By —  Tapro

Hence, the total interregional transfer is limited by:

(27) k i
E Pays = ? Pat 1o

where k‘pdt is the quantity of the g= petroleum product transferred to the

kth region for use in period t 4 3.
and:

k o k K
(28) q)dt+3 - ¢dt+2 + Pgtt3

There is a technical problem which arises here and must be addressed. The
shadow prices generated by the period two sub-model tell us the MVP of one

additional unit of the d ™ petroleum product in the k region, but they do not
assure us that the second additional unit provided the k" region would have the
same value. Hence, it is possible to “overshoot” in the reallocation and some fur-
ther constraint must be introduced to dampen oscillations which “overshooting”
might introduce into the model. We, therefore, introduce an arbitrary governor on
the interregional transfers to assure that only small, incremental changes are
made on any given iteration of the model. That is:

K o k
(29) Pays — Tt ®dt+2
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where ¥o s the governor on incremental transfers of the d*" petroleum product

and is constant over all regions and all time periods.

Our second-stage sub-model then becomes:

m
. - k k k
(30) Maximize TOth3 — g % < S 1ho Xge 19 Papis >
subject to:
k 1
(31) E Biyos = ? L for all d,

and

L) («x K

(32) |— Pyiis = Q)dt+2 , for all d and all k,
d

where ¥8 d4bo 18 a factor which transforms a shadow price for the d th petroleum

product expressed in terms of the b impact in the k  region into the

o™ national impact units.

k .
Pyt 13 and new regional allo-

cations are determined for period t + 3. By Equation 28, we can obtain allocations
for all regions k. For all regions 1 we pro-rate any residual product over and above

K 1 -
2 ¢dt+3 -+ ? Qlt+2 That is:

This second-stage sub-model is then solved for

k
(33) 3 Y., — (2 Y., t+ = ¢ —
and
II
34 dt-+3 o
( ) ; T S dt+3
% Q)dH—Q
where 11 is the residual of the d ! petroleum product remaining in period t

dt+3
3 after reallocation to all regions k and supplying all regions 1 with the

t + 2 allocation, and

§ o is the fraction represented by the residual of the d th petroleum product
of the total t ++ 2 allocations to all regions 1,

so that:

1 1
(35)  Dyis = (1'0 + S<1t+3> Die2
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Iterating the Model

The basic components of the two-stage model to be iterated are the regional
sub-model and the second-stage sub-model. But before the iteration process can
go beyond period t -+ 2, we must take steps to avoid falling into an imported in-
puts trap. That is, since the imported inputs available in period t + 3 must
have been produced in some previous time period, and since petroleum and non-
petroleum inputs must be used in fixed proportions, it is possible that sectors re-
ceiving additional petroleum allocation in t - 3 may not be able to utilize that
increased allocation in that time period because of a shortage of non-petroleum
inputs indirectly attributable to petroleum shortages in previous periods. To avoid
this trap, we will assume that:

(36) MAys = MWy, :11%1{ VT s

where:

(37) Lkﬂitj+2 - LkAijt—q—Z - <quij kait-{—l >

That is, where Lkgy is surplus quantities of the j B imported input for the

ijt+2

i ™ sector in the 1% or k ™ region held over from period t 4 2, then the con-

straints imposed on the regional sub-model are adjusted in each iteration both for
interregional transfers of petroleum allocations as indicated by the second-stage
sub-model and for changes in levels of non-petroluem inputs due to production in
the previous run of the regional sub-model and carry-overs. For example, the third
period regional sub-model takes the form:

n

(38) Maximize M4 . = Z (Lksib l’kyitd) , for all 1 and all k,
| : :

subject to:
n
1k 1,k 1k
(39) 213 ( I yit+3> < (bdt+3 , for all d,

Lk 1.k < 1,1{1

and q; Yieis , for alliand all j.

ijt+3

New shadow prices are computed, the second-stage sub-model is reiterated to de-
termine regional petroleum allocations for period t + 4, and so on. The process is
continued for a number of iterations until:

1k 1k 1k
(40) Loy = Lot (1) = Toit (urqy » Al 1 and all k

in which case 1’kfbt . Tepresents the best solution obtainable. A schematic

flow-chart of the iterative process is presented in Figure 3.

It might be noted that:
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(41) p = t(o)
and that:
(42) lim p = o

o —=0

Hence, the larger the governor, o, the fewer iterations needed but also, the smaller
o, the closer the wth iteration will approximate a global optimum solution.

II1. Summary and Concluding Comments

This paper has presented a two-stage, heuristic model designed to deal with
intermediate-run problems arising from severe shortages of petroleum products.
The main theme of the paper is that the shortage of petroleum products may dis-
rupt interindustry trade flows on both an intraregional and interregional basis so
as to effectively prevent any single region from establishing an effective petro-
leum allocation policy. Thus a “feedback” mechanism is built into the model to
prevent some petroleum allocations from going unused due to limiting non-petro-
leum inputs caused by petroleum shortages experienced elsewhere in previous
production periods. By incorporating appropriate assumptions about the length
of production lags, the model can be run as a simulation model in advance of
any actual petroleum shortage, thus, predicting areas in which problems are likely
to occur. This would allow time for the interregional allocation decisions, on
which successful state allocation programs must be predicated, to be made at
the federal level.

Policy implications to be drawn from the model presented here are clear.
First, the interregional nature of the problem will require allocation decisions
at both state and federal levels, and the minimization of economic disruption
would require that interregional decisions at the federal level be made in ad-
vance of any severe petroleum shortage. These decisions would then provide in-
formation on which state officials could base rational allocation programs. Thus,
the main policy emphasis should be on providing modeling capabilities at both the
federal and state levels. Especially important in this regard is the existence of a
usable interregional input-output model of the U.S. economy, since such a model
is the basis of coefficients used in implementing a linear programming approach
such as the one presented in this paper. Again, it should be stressed that the
policy implications from the model presented here are threefold. These are: 1)
The problem of petroleum allocation is interregional in nature and requires policy
decisions at both state and federal levels. 2) Rational decisions at both levels of
government regarding allocation programs require modeling procedures.which do
not currently éxist. 3) The existence of time lags in production processes requires
allccation priorities to be established prior to any actual shortage of petroleum.
In short, failure to develop contingency plans could result in economic disrup-
tions which are much more severe than necessary if petroleum shortages actually
occur.

The model presented in this paper must be viewed with an eye to its limit-
ations. The model incorporates the linearity and fixed technology assumptions
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underlying input-output analysis and linear programming models. Over the short
and intermediate-run, with which the model is concerned, drastic technological
changes are not likely to occur; however, the linearity assumptions which require
the use of inputs in fixed proportions could bias the results of the analysis. To
the extent that inputs can be substituted for each other, the model may tend to
overstate the severity of input shortages. However, even with its limitations,
the model provides an economically feasible means for establishing rational petro-
leum allocation policies while preserving traditional relationships between the
state and federal levels of government.
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