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I. Introduction

Empirical estimations of the regional multiplier have been abundant
in the literature of regional studies for many years. There have been
traditionally two general approaches to the study of regional multipliers;
one using the input-output model and the other the economic base ap
proach.' However, a large number of structural simultaneous equation
models, which have been used primarily at the level of national economy,
have been recently constructed and estimated to analyze many regional
economic problems, including regional multiplier effects.^ Although in-
put-output and regional macroeconomic models introduce a high degree
of sophistication and comprehensiveness, the construction of such re
gional models usually entails high costs and complex data problems, es
pecially in the case of a complete interindustry model.® These difficulties
seem to have led many investigators to use less costly and simpler eco
nomic base models.

The economic base approach typically dichotomizes regional economic
activities into two categories: those economic activities serving demand
and agencies external to the region—export or basic—and those activities
serving local residents and enterprises—service or local. Then it postu
lates that the level of locally-oriented service activities is determined by
variations in export activities.^

In recent years, a considerable number of economic base multipliers
have been estimated by least squares.® Yet, despite its wide application,
there have been few attempts to examine the validity of the least squares
method for the apphcation in question. Recently, Park [14] set out the
algebra of regression analysis of economic base multiplier models com
monly found in the literature, characterized and interpreted the basic
features of these models, and evaluated their advantages and limitations
in practical applications. One of the many findings of the study Was
that the accuracy of the multiplier estimated by least squares depends
critically upon the accuracy of regional export coefficients used.
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There are numerous techniques available for estimating the levels of
these export activities at the regional level, ranging from a simple
arbitrary assumption as to the percentage of exports in a given industry's
output to comprehensive surveys of firms and consumers. The concep
tual and technical difficulties of estimating regional export activities
have been discussed extensively in the literature and need not be further
elaborated here.®

In view of the critical importance of export activities and the diffi
culties of estimating them in the economic base multiplier analysis, I will
attempt in this paper to analyze the effects of measurement errors in
the export coefficients upon the multiplier value yielded by ordinary
least squares and derive a consistent least squares estimator of the eco
nomic base muhtpher.

II. The Regression Model for Economic Base Multipliers

Suppose there are k industries in a region and let Zq be an observation
on total income or earnings (or emplojnnent) for the j'" industries in time
period tJ Then Zq can be divided into export and local components

(1) Zq = ajZq -j- (1-aj) Zq 0<C aj < 1

j = 1,..., k

t = 1,..., n

where aj is an export coefficient of the j"' industry. To be more specific,
an export coefficient aj represents the proportion of income of the
industry originating from sales to buyers outside a given region. Also,
it must be noted that the local component (l-aj)Ztj includes not only
income earned in locally-oriented service activities supported by regional
exports, but also all other nonexpert income affected by factors other
than changes in export income.® In most of the base multiplier studies,
the export coefficients are assumed to remain constant for the entire
time period in question.® Summing over j both sides of equation (1),
we obtain an identity equation for total area income, i.e..

where Zt^ X

j=l
k

Xt= I

j=l

Zt = Xt-f Yt

k

X Zq is totaJ area income.

ajZq is income earned in the export

sector, and

is income earned in the local-service

sector.



104 The Review of Regional Studies

Given measures of local and export activities by industry, a regression
of aggregate income generated in local sectors on those in export sectors
yields a quantitative measure of the export-service relationship over
time. The aggregate multiplier model we are concerned with is then

k

(3) Yt^bo-|-b Z ajZy

j=l

^=bo -f- bXt

Substituting (3) into (2) will give us

(4) Zt = bo+ (l + b)Xt

which shows that the regression coefficient b of equation (3) plus one,
(l-|-b), represents the regional income multiplier which we attempt to
estimate, since the multiplier is defined as the ratio of an incremental
change in total income to that in the basic or export sectors.

Let us assume that total income Zt is correctly measured and mea
surement errors of export and service income result only from the in
correct estimation of the export coefficients aj, i.e.,

(5) ai = a*j-faj 0<ai<l

j = 1,..., k

where indicates estimated values, a*i true values and errors.
Suppose that an exact linear relationship is assumed to exist between
the true variables y*t and x*t in mean deviation form

but that these true variables are unobserved because of estimation

errors ̂  in equation (5). Our sample consists of observations on the
measured variables yt and Xt that are related to the true variables by

(7) yt:=y*t + Ut, Xt= X*t +Vt

where Ut and Vt are the errors of observation.

However,

ajZtj — Ztj

A
ajZtj

= x=^t ■

f (l-a,)zy= f
y A
f aiZtj = y*t + Ut

(1—a*j)zt,j
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where

T A T A
Vt= r ajZtj, Ut = — j ajZtj

Vt = — Ut

substituting (7) into (6) and rearranging yields

(9)

yt = b(xt — Vt) +Ut = bxt + Et

where

£t= (ut — bvt) =— (l+b)vt

The case where measurement errors Ct include a stochastic component
of behavior will be treated later. Let us specify that the errors u and v
have zero means and constant variance, and are also independent of
the true values x* and y* so that

(10)

E (ut) = E (vt) = 0, E (ut^) = E (vt^) = o-l,

E(uty*t) =E(vtX*t) =E(utx*t) =E(vty*t) =0

Then the covariance of xt and Ct is

(11)

E (xt Et) = E { (x*t + Vt) (- (1 + b) Vt) }
= — (1 + b) (T?

Thus, it is clear that the regressor is contemporaneously correlated with
the error terms, that is, a dependence exists between all the measured
values and the error of measurement. Obviously, the straightforward
application of least squares to (9) would yield not only a biased esti
mate of the multiplier parameter b, but also the least squares estimate
is inconsistent. The asymtotic bias in this case will be

A  plim ( Zxe /n)
(12) Pli^(b-b)

= — (1 + b) trl
crx*^ -(_ cr?

since E (x^) = E (x* + v) ̂ = E (x*^) + E (v^) + 2E (x*v)

where is the variance of the true value x*

Rewriting (12), we obtain
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r K u (l + b)o-? bo-|^—(X?plimb==b —^ =~——^
0-? + cr^* CTi^

Equation (13) shows that since hy the multiplier hypothesis, h > 0, the
ordinary least squares estimate of the regional multiplier underestimates
the true multiplier to the extent that the variance of the true export
income is small relative to the variance of measurement errors asso

ciated with export income.
Introducing the notation for the sample covariance

= ̂  1 (Xi —X) (Yi-Y)=-

IHxx • X (Xi —X) (Xi —X) =■

first let us take covariances of X with all variables in (9) to derive a con
sistent estimate of h under the assumptions given in (10).

mxy = h mxx + mx£

Since the sample covariance mxe is approximately equal to or exactly
equal in the prohahihty limit to population covariance, i.e., from (11)

plim (Ixe/n) =— (1-j-h)

we can rewrite (14) in approximation as

(15) ^
mxy = h mxx — (1 -f h) (tI

To correctly estimate h, we need a second estimating equation because
there are two unknowns, h and cr|. We, therefore, take covariance of
Y with all variables in (9)

myy = h mxy + my£

= h mxy -f (1 -f h)

since plim (Zye/n) =plim (X(y*-|-u) (u — hv)/n)

= phm (—(1 -f- h) ^ y*v/n) + plim ((1+h) I vVn)
= (1 + h) cr| using (10)

Adding 115) and (16) eliminates term (1 + h) and gives a solu
tion for h
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Thus, unlike many errors-in-variables approaches such as Johnston's
work [12], b can be estimated without knowing the variance of the-
error term crl,'" or the ratio of error variances. Needless to say, if cr| =
A

0, b = mxy/mxx from (15), which is the ordinary least squares estimate
of b.

Now let us include the assumption of a stochastic relation between
the true values. The model would then be in mean deviation form

yt = y*t + ut

(18) Xt = x*t + vt

y*t = bx*t + et

The first two relations are the same as before, with u and v indicating
the errors of observation and — u = v. The et term in (18) is a stoch
astic disturbance term. These relations might be expressed simply as

yt = bxt — (1 + b) Vt -f et

= bxt + £t

where this time Et = — (1 + b) Vt + et

If V and e are all assumed to be independently distributed with zero
expectations and variances o-| and erf, then there is an exact formal cor

respondence between this and the previous model, provided we treat the
composite term u -|- e in this one as the equivalent of the error of ob
servation in y in the previous one.

Following the same procedure used with the previous model, we can
obtain covariances of X with all variables in (19)

mxy = b mxx — (1 + b) o-| + mxo

= b m XX — (1 + b) cr|

since E (xe) = E (x* -|- v) e = E (x*e) + E (ve) = 0

Likewise, we take covariances of Y with all variables in (19)

(21) myy = b mxy + (1 + b) erf _j- niye

= b mxy + (1 + b) o-| 4- cr^

since E (ye) = E | (bxt — (1 + b) vt + et) et}

By adding (20) to (21), we can eliminate (1 + b) erf and hence, obtain
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A

b' =
mxx + nixy

mxx + nixy + nixy

mxx + mxy
A A A

we can show easily b>b', i.e., the parameter estimate b obtained under
the assumption of an exact relation between the true values is larger
than the one estimated under the assumption of a stochastic relation.
This is because

Therefore

and hence,

mxx = mx*x*+

mxy = b mxx — (1 + b) o-|

= b (mx*x* + — (1 + b) cr|

= b mx*x* —

mxx + mxy = (1 + b) mx* x* > 0 for b > 0

u-y/ (mxx + mxy) > 0

As a result, the underestimation of the multiplier would be greater in
the model which incorporates the assumption of a stochastic relation
between the true values than in the one involving an exact relation.
However, unlike in the previous case, an a priori or independent estimate
of the variance of a stochastic term cr| is required to obtain a consistent
estimate of the multiplier.

III. Summary and Conclusions

In this paper, we have treated the problem encountered in the use of
linear regression models to estimate economic base multipliers where
measurement errors are present in the export coefficients.

In aU cases, the ordinary least squares estimates were shown to he
biased, inconsistent, and to underestimate the true multipliers. Under
the assumption of an exact relation between the true values, we de
veloped a modified consistent estimation procedure which does not de
pend on a knowledge of the variance-covariance matrix of measurement
errors. However, an a priori knowledge of the variance of the disturbance
term was required for the similar modified consistent estimator when a
stochastic relation was postulated between the true values. But this
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restriction does not appear to be too critical in practice, since the multi
pliers estimated under the assumption of a stochastic relation were
shown to he smaller than those obtained under the assumption of an
exact relation, and hence, the upper limit of the multipliers values can
he readily estimated without knowing the variances of the stochastic
terms or measurement errors.

Finally, the method of instrumental variables may he practical for
our problem, hut that possibility is not pursued in any depth in this
paper.

APPENDIX

Consistency Proof of the Estimator

The modified least squares equation for the aggregate multiplier is

(A.1) b = (Ixy + ly') / (Ix^ + Ixy)

(A.2) ' plim b = "v"
plim (ZxVn) + plim (2,xy/n)

Substituting y = hx + e into {A.2) and noting e = — (1 h) v

and E (xe) = —(1 + h) cr| will give

plim ( Ixy/n) = h o-| — (1 + h) cr?
and

plim ( ZyVn) = h^ cr| — 2h (1 + h) cr?

+ (1 + h)^ crl

since plim (Je^ /n) = (1 + h)^ cr?
As a result

plim b = b g + b) - ■^'1^  (I + b) (o-S — cr»)
= h

and consistency is proved.

FOOTNOTES

iSome notable works employed the input-
output framework are Hirsch [10], Gamick
[4, 5], Bourque [2], Morrison [13], Czamanski
and Malizia [3], and Isard and Czamanski
[11].

2For example, those described by Steinnes
and Fisher [19], Hill [9], and Glickman [6, 7].
Glickman's paper [7] contains a thorough
bibliography of published works on regional
econometric modeling.

■^Isard and Czamanski [11] have initially
shown that the aggregate multipliers derived
from economic base models and input-output
models are of the same order of magnitude for
each number of regions. Subsequently, Bill
ings [1] has shown the mathematical identity

of the multipliers derived from the economic
base model and the input-output model and
Romanoff [17] has extended his results to
show that the economic base model is a very
special case of input-output analysis. No doubt,
the major advantage of the input-output ap
proach is that it delineates the interdependence
of all sectors of the economy. In contrast, the
most severe limitation of the economic base
study is its inability to bring out these inter
industry relations. However, this limitation is
least severe when dealing with small regions
whose interindustry effects are generally small.

•iln a strict sense, the traditional economic
base multiplier is an extended application of
the foreign trade multiplier analysis. The scope
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of base multiplier analysis is limited to an
examination of the total income (or employ
ment) effects of changes in export activities at
the regional rather than national level. Re
cently, economic base models have been, how
ever, defined more broadly than is customary
to include, in addition to exports, a local in
vestment sector and other variables affecting
local income and employment. In this way,
the simple Keynesian multiplier is incorporated
into the regional multiplier model. A detailed
discussion of the problem appears in Park [15].

f'Some representative works are Hildebrand
and Mace [8], Thompson [20], Sasaki [18],
and Weiss and Gooding [21].

cSee Phouts [16] for a compendium of
articles related to these topics.
7For lack of more detailed regional income

accounts than exist at present, most of regional
multipliers were estimated using time series
data on employment. Obviously, if available,
income data would be preferable to employ
ment data, since income data would reflect

interindustry differences in wages and produc
tivity, and could also explicitly account for in
terregional money and income flows. Further
more, the employment multiplier could be
derived from income-employment relationships.
8For example, autonomous investment in

the region, import substitution, and changes
in such factors as spending habits, population,
and tax or transfer policies of external fiscal
units.

^It remains highly uncertain whether these
export coefficients are reasonably stable over
time. This question of stability may be used
as another justification for the use of errors-
in-variables model in which estimation errors

of export coefficients resulting from their shifts
over time are also treated as measurement

errors.

loWith the additional assumption that the
error v is normal, the maximum likelihood
estimation solution used by Johnston [12, pp.
152-154] produces exactly the same result as
[17].
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